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SibfULARON DF GRADIENT AND BAND PROPAGATEON EN THE CENTRIFUGE 

A technique is developed for simulating the behavior of both the gradient-farmin_c solute and mecromolecuhr bands 
in a centrifuge. 

The change with time of the density gradient due to diffusion and sedimentation of the gradient-forming solute is cai- 
cuiated by a finite difference method, making USC of the resuits of earlier work on the theory of the r-uilibrium density 
gradient. 

Using a perturbation technique, the concentration prrrtiles of dilute bands of macromolecules are then calculated as 
they sediment and diffuse throu& the varying supporting gradient. 

Results of the simu~~on techniques are compared with esperiment 

1. Introduction 

Svedberg developed his first an~ytic~ u~~racen~~fuge Xl years ago to quantitatively measure the sedimenta- 
tion of particles in a centrifugal field. For decades these measurements were made almost exclusively in optical 
centrifuges relying on se&generated gradients of the particles themselves for stability. Zone sedimentation, how- 
ever, requires a separate density gradient to support the particle zone. Since most zonal centrifugations are not 
carried out in optical rotors, predictive and retrospective analyses of the particle zone movement in the gradient 
requires detailed knowledge of the gradient parameters. For this reason methods for centrifugal separations in 
density gradients are usually developed empirically. Optimization of these methods involves exceptional insight, 
long experience, or numerous experiments to evaliiate all parameters. When the K-series zonal centrifuges [ i ] are 
used for large-scale separations, such investigation of parameters is often impractical due to the expense of gradi- 
ent and sample materials. 

In this paper we introduce a simulation technique for use in determining the efficacy of proposed separations 
and to aid in optimizing the experimental parameters before the first experiment. 

There are two aspects to the simulation: prediction of the behavior of the gradient-forming solute, which tends 
to diffuse and sediment during a run, and prediction of the behavior of the bands of macromofecuies themselves. 
These two aspects present different problems and were approached in different ways. 

Two approximations underlie both aspects. First, the bands of macromolecules are assumed to be dilute SO that 
the concentration of macromolecules does not affect the behavior of either the gradient-forming solute or of the 
bands. The gradient-forming solute, however, is not considered dilute, Second, the effect of pressure on :he proper- 
ties has been neglected. The behavior of the gra~ent-forming solute will be taken up first.. 

Finite difference methods for the numerical cakulation of sedimentation arid diffusion in a centrifuge have 
been developed by a number of investigators (Z-91. While these authors have been primarily interested in calcu- 
lating the behavior of macromolecules, their methods are applicable to solutes of arbitrary diffusivity and aedi- 
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mentation coefficient, and can therefore also be used to study the behavior of a gradient-forming solute. 
In a parallel line of investigation, the theory of the equilibrium density distribution of a gradient-forming so- 

lute has been developed [IO- 12]_ The equilibrium distribution depends on a thermodynamic parameter, 0, which 
can be determined from solution activity coefficients. Values of /3 have been tabulated as a function of concentra- 
tion for a number of common gradient-forming solutes in the above papers. 

In the present work we develop a fmite difference method which makes use of the gradient solution diffusivity 
and 8, to cakulate the deveIopment of the density gradient with time, beginning with an arbitrary initial density 
distribution. 

The paths followed by particles sedimenting through an arbitrary (but fixed) gradient have been calculated by 
numerical integration by Martin and Ames 1131 and Bishop [14]. In the present work, numerical integration is 

used to determine the path of a particle sedimenting through a time-dependent gradient (which is itself sediment- 
ing and diffusing). We next take up the problem of determining the concentration profile of the band of particles. 

Analytic _solutions to the Lamm equation describing the sedimentation and diffusion of a band of macromole- 
cules in a centrifuge have been obtained by Gehatia and Katchalski [ 151, Rubin and Katchalski [ 161, Vinograd 
et al. [ 171, and Dishon et al. [ ISl, by neglecting the effect of the variation in gradient properties on the propaga- 
tion of the band. 

Another approach to the calculation of band behavior is the method of moments [ 19,20]. A technique closely 
related to the method of moments has been used by Schumaker and Rosenbloom [?I ] _ There is a connection be- 
tween the method of moments and the eigenfunction expansion method which is developed in this work. In fact, 
if a complete set of moments is obtained by any technique, the eigenfunction expansion can (in principal if not 
iv practice) be used to reconstruct the concentration profile. This method of constructing concentration profiles 
from moments has been applied in chromatography theory by Kucera [22]. 

The method of moments can be used to account for the effect of the gradient on the behavior of the band by 
representing the sedimentation velocity and diffusivity as a TayIor series in radius. In general, however, (if the 
series for sedimentation velocity is carried higher than the first power) this approach leads to recursive equations 
for the moments, so that each moment depends on higher moments. This recursiveness poses difficulties in solu- 
tion. If the eigenfunction expansion technique of this work is interpreted as a variant of the method of moments, 
then we have resolved the recursiveness by a small perturbation method. 

Solution of the Lamm equation by finite difference methods has also been used to calculate the behavior of a 
band of macromolecules [2-9). Such methods are very general in application, and could certainly be used for the 
simultaneous solution of the equation governing the behavior of the desnity gradient and the bands. In the case of 

very narrow bands moving through a much wider gradient, difficulty would probably be encountered in choosing 
compatible finite-difference grids while still maintaining computational efficiency. We prefer to develop an approxi- 
mate analytic solution governing the band behavior and to couple it to a finite-difference solution for the density 
gradient_ 

Sedimentation of macromolecules through an arbitrary, fLxed gradient (i.e., a gradient which does not itself sedi- 
ment or diffuse) has been considered by De Dlrve et al. [23] and Berman [24]. These authors have not considered 
the diffusion of the macromolecules_ 

An analytic solution for nondiffusive sedimentation of a band of macromolecuIes through a time-dependent 

gradient has been obtained by Dishon et al. [25]. In the same work, an anaiytic solution for the diffusion and sedi- 
mentation of a band through a time-dependent gradient has been obtained using the rectangular approximation. 
The solution technique, however, depends on the special assumed form of the time and radius dependence of the 
density gradient, 

Weiss and Dishon [26] use a perturbation technique to calculate the diffusional spreading of a moving bound- 
ary sedimenting throu& an arbitrary but t-tied gradient. They first obtain an exact solution in the absence of dif- 
fusion. An approximate correction for the effect of diffusion is obtained by taking the diffusivity to be a “small” 
parameter. 

In the present work we develop a method of obtaining an approximate analytic solution for the sedimentation 
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and diffusion of a thin, dilute band of macromolecules through a prescribed gradient with arbitrary time and ra- 
dius dependence_ Both the sedimentation velocity and the diffusivity of the macromolecule are considered to be 
affected by the gradient. The concentration of the macromolecule is considered to be too small to have an affect 
orl the results. A perturbation technique is used in which the band width is considered to be a “small” parameter. 

2. Theory 

2 1. Gradienr behavior 

In the present work, the diffusion and sedimentation of the gradient-forming solute and the sedimentation of 

the macromolecules occur simultaneously. The macromolecules, however, are assumed to bc ~tlffiiiently dilute as 
to have no effect on the behavior of the gradient-forming solute. 

The centrifuge geometry is assumed to be perfectly cylindrical or sectorial. 
At equilibrium in a centrifuge, the “total potential” of the components, i.e., the sum of the chemical potential 

and centrifugal potential is a constant [27], so that, neglecting any axial or angular dependence: 

(1) 

where pl. is the chemical potential per unit mass of the gradient-forming solute, w is the angular velocity of the 
rotor, and r is the radial distance from the axis of rotation (all quantities may be expressed in CGS units unless 
otherwise noted). If the left hand side of eq. (1) does not vanish, a flux occurs in the centrifuge. 

The theory of diffusion based on irreversible thermodynamics 1281 gives the radial fIux in a binary solution 
proportional to the left-hand side of eq. (l), 

where Jr is the mass flux of the solute relative to the volume-mean velocity of the fluid, and K is a proportionality 
constant. 

The chemical potential depends on pressure and composition (and temperature, which we ignore by considering 
only an isothermal process). The composition can be specified in various ways, e.g., mass fraction, molarity, etc. 
It is convenient here, however, to characterize the composition of the binary gradient-forming solution by its den- 

sity at atmospheric pressure, PO_ The difference between the density, and most of the other properties, at atmo- 
spheric pressure and at the centrifuge pressure is rather small, and we shall eventually neglect it. We retain the dis- 
tinction here so that p” determines the composition independently of pressure). Eq. (2) then becomes 

(3) 

where p is the pressure and TK is the temperature in K. The pressure is given by 

aplar = pw2r (4) 

so that eq. (3) can be rearranged to give 
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where Vr is the partial specific volume of the gradient-forming sohrte. 
Diffusion coefficients reported in the literature are usually determined without rotation, at atmospheric pres- 

sure, and are defined by 

J;” = - D (apyiar), (61 

where D is the experimental diffusion coefficient, p(: is the concentration in mass of solute per unit volume of 
solution at 1 atm, and the experimental flux Jf” is usually measured relative to a coordinate system attached to 
the apparatus_ Eq. (6) can be written 

J;” =_ 
D a0 

ar ’ (7) 

where p” is the atmospheric pressure_ 
We now assume that the partial specific volumes of the solute, vr. and solvent, V?, are essentially constant. The 

partial specific volume of CsCl in water, for example, varies from about 0.24 cm3/g I; - 28 cm3/g in going from in- 
finite dilution to saturation at 2S°C. Under this assumption it can be shown [281 that the volume-mean velocity 
due to diffusion vanishes, so that Jr = JI" . Comparing eqs. (5) and (7) for no rotation: 

K= 
D 

(aP,laPo)P., la~W),,~~ ’ 
at 1 atm. 

At equilibrium in a centrifuge, the flux vanishes, and eq. (5) gives 

ape 1 - V,P 
-= 
ar G apL, laP”lp,TK ) 

cd%. 

The quantity in large parentheses in eq. (4) has been tabulated by a number of investigators [10,29] 
gradient-forming solutes, mainly at atmospheric pressure, and is denoted by Hearst et al. 1291 by 

1 - VIP = l-dP-PO) 1 _ 

(a~liapG~p,TK W?P) P0tP0) ’ 

where @@‘) is the value of 0 at i atm, and 1 - @(p - p”) is an approximate pressure correction. 

co 

for various 

(10) 

We now introduce the approximation that the quantities K, D, 0, and p can be evaluated at atmospheric pressure. 
The effect of pressure on f3 and o for CsCl solutions has been considered by Hearst et al. [29]_ Based on their results, 
we esti.nate the maximum change of fl due to pressure in the cases considered in this work to be several percent. If 
we ignore the pressure correction, eq. (5) becomes 

3; = 
D ( CA aDo ~_- 

(ap”/ap~)p,TK POPPA) ) ar * (11) 
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The mass fluxes of components 1 and 2 are related by 

The total ma.ss fluxfv is given by 

5 
J’=J;tJ;= l--y ( ) D 

( 

W2, ape 

2 (ap”tap(&,, 
---ai- 
PO@O) 1 

The derivative in the denominstor in eq. (I 3) can be obtained from 

Pt v, +PzV, = 1, 

where p2 is the concentration of the solvent, and 

P=Pt *Pl, 

from which 

(13) 

(14) 

(15) 

(16) 

Since the partid specific volumes have been assumed constant, we have at atmospheric pressure 

(17) 

so that 

(18) 

Since the volume-mean velocity due to diffusion vanishes for constant c’, , Vz. the law of conservation of mass be- 

comes 

ap i a(S) L a 
-s_- 

ape a2r 
at rar=--rLs--- . 

r ar I ( -ar picas) )I (19) 

We estimate the change of density at the outer periphery of the rotor due to a pressure change resulting from a 
complete gradient decay to be Iess than I% of that due to composition changes of interest in the present work. 
Again using the approximation that the properties c2n be evaluated at 1 atm 

ape I a 
-E-u J-f) ( ( ape w2r 

at r a+ --- . ar POcoO) )I (20) 

Assuming that the system is confined between nonpermeable concentric cylinders, the mass flux vanishes at 
both cylinders and we obtain as boundary conditions 

apolar = w2rfpo(-#) , at r = r- rn’ ‘out’ (‘1) 

where rh, rout are the radii of the inner and outer cyclinden. 
TO solve eq. (20) numerically, we choose discrete values of the space and time variables by putting 
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tk = 5 (At'), 
I=1 

where the spatial step &z is constant and the time step At’ may be variabie. We now replace the partial differential 
equation with the finite difference equation 

t 
(D,ttk -Di”-1>t$+, -~i”-1) ,’ (~-+~I” $+l/$kl -Crj_ I)* Di”_ liO,f_ 1 

-- 

(2&}z r. , (24) 
I xv 

where pi” =pO(tE, Q-), etc. 
The difference approximations used in eq. (12) are essentially those o$ Crank and Nicoison [30], but the dif- 

fusion coefficient and the quantity, j3, both of which are known as a function of p”, are evaluated at the “old” 
time, rk, to avoid introducing terms which are nonlinear in the unknown pi kt* As a result, the discretization error; . 

that is, the error resulting from the replacement of eq. (20) by eq. (24), is second order in CLT but only first order 
in Ark . The boundary conditions, eq. (2 l), are also replaced by the difference expressions: 

(125) 

Any initial density distribution can be used. Given the density at the “old” time, I~, eq. (24) was repeatedly 
solved for the density distribution at the “new” time, tktE , until the desired time interval was covered- The me&- 
od of soIution was that of Crank and Nicolson [30]. 

For small values of t, the density distribution may be nearly discontinuous and change rapidly with T, whiIe 
for large values of r it is smoother and changes slowly. It was therefore decided to vary the time step, Ark, so as 
to use smzdler steps initially. The variation in Ark was chosen so that 

tk -_ak_‘_ (27) 

It was found that when the value of o! was too large, a numerical instability in the form of a bounded but persistent 
osciffation occurred. 

A value of Q = 0.0625 (Ar)*/Dda. where Da is the ~ffusivity of the gradient-fo~~g solute at infinite dilution, 
was found to be satisfactory and did not lead to such oscillations. 

The required value of the radial mesh size, dr (or equivalently, the number of radial mesh points,&_,) depends 
on the accuracy required and on the smoothness of the initial density distribution. The most difficulty occurs with 
initial density distributions involving a step change in density, especially when the width of the step is a small Frac- 
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tion of the radial gap of the centrifuge. Comparisons have been made between calculations with jmsr = 102 and 
jmax. = 202, using a step width of lW+L of the radial gap in the initial density distribution_ The comparison indi- 
cates that numerical discretization error with jmZX = 102 is less than one part in lo3 of the calculated density. If 
the initial density distribution had been smooth (e.g., parabolic) a smaller value of jmyc could have been used. If 
the initial density distribution had involved a step width of only 1% of the radial gap, a larger value of jmax. would 
have been needed to maintain the same accuracy. 

22. A perturbation ~pproximrrtion for band behavior 

In this section, a perturbation technique is applied to the Lamm equation for an arbitrary supporting gradient. 
The basis of the approximation is the assumption ehat the band of macromolecules is sufficiently narrow so that 
across the width of the band, the sedimentation veIocity and diffusivity can be represented at any given time by 
polynomials of low degree in the radius. It is important to emphasize that the polynomial approximations need 
be valid only locally near the band, and that they may change as the band sediments through the gradient. Because 
the polynomials are permitted to change as the band moves, they can be of muA lower degree than would be 
needed to represent the gradient globally. 

Into the Lamm equation [3 11 

a~ 1 a ac 
at=rar rDz& --NC, 

where c is the concentration of macromolecules in the band, t is time, r is the radial distance from the axis of ro- 
tation, and the macromolecular diffusivity D and sedimentation velocity u are taken to be functions of r and f but 
not of c, we introduce the transformation 

5 = Ir - 401 ml% (291 

cc, r) = 40 W) C(T, t), (30) 

where the origin of the r-coordinate system a(f) will be chosen to move along with the mean radius of the sedi- 
menting band, and b() is a reciprocal band width scaling function. Both a(r) and b(t) will be defined precisely 
later. The new concentration variable C has been modified to include radia! dilution, and to include concentra- 
tion changes which must accompany a change in band width. The constant E has been introduced for convenience 
in the perturbation analysis. IF6 is of order unity, and c varies from - I to tl across the band, then the magnitude 
of E is of the order of the band width, and E will be considered a “small” parameter. The introduction of both 
b(t) and E as band width parameters is redundant since the value of E can be incorporated into b(t). This will be 
done after the perturbation analysis is carried out. 

Transforming eq. (28): 

where ii =; &/dr and i = db/dr. 
We now express u/r and D/r in Taylor series about the radius a(t) 

m 

u/r = Q (32) 

(33) 
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where the coefficients un and Da are unde~tood to be functions of time. and the factors P and & are introduced 
for scaling purposes and will be discussed later_ The expansions (32) and (33) need be valid only across the width 
of the band where the macromolecular concentration C differs significantly from zero. (Evidently, the band can- 
not include the axis of the centrifuge.) From eqs. (32) and (33) the following series can be obtained 

The concentration is a&o expanded in a perturbation series 

Substituting eqs. (32) through (38) into eq. (31), and rearranging the summations to cokt paw%s of 6, 

1+1-o OJ 

--1I 5 E’ Eib 
1=0-I 

er c unbf-” f” ac,,_,_,/ag i- c 
tf=Ci 1=-1 

f-a 00 f--W+1 

There are physic&y attainable situations in wbkh the propagation of a band is governed almost entirely by 
diffusion with only a slight correctian due to sedimentation, and vice versa. Corresponding to these simuatiam it 
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is possible, by appropriate choice of the scaling parameters ZJ and o, to obtain equations for C, in which the sedi- 
mentation affects only the higher order perturbations and not the dominant term Co, etc. Zn the present work, 
the objective is to include both diffusion and sedimentation in the dominant term Co _ This is achieved by the 
choice y = 1,o = 0. Then, equating the coefficients of e-t in eq. (391 

f--f~+ + ;Ib) ac,fay = 0. C4i3) 
Eq, (40) is satisfied by choosing 

iz=Czug (41) 

with Q(O) equal to the mean starting radius of the band, which causes the origin of the r-coordinate system to trans- 
late along with a sedimenting particle. 

Equating the coefficients of d, i Z= 0 and using eq- (41) 

~f-~~~“2)v,-~~~lfau,,llb-“5”~l_n - 1 (42) 

Eq. (42) determines the concentration perturbation Ct. It is to be soived sequentially for the values oft of interest, 
starting with E = 0. Then the right-hand side of eq. (442) is always a known function. For 2 = 0 the right-hand side 
vanishes. The band width scaling function b(r) is still undefined and can be chosen in various ways to simplify 
eq. (442). 

Initial and boundary conditions are needed for eq. (442). At r = 0, the starting concentration prome may be re- 
presented exactly (or to the desired degree of precision) by the first term in the perturbation series, so that 

cocr. 9 = HO) HO) C(T, % (443) 

Cp<S) = 0, Ia 1. (49 

TO provide boundary conditions, the band is assumed to be localized so that the macromolecular concentration be- ’ 
comes negligible before a wail of the centrifuge is reached. The <coordinate system is then extended to C_ a>, and 

C&$,f)-+O as $+fw.l>O. (45) 

For numerical calculations to be presented later in this paper, the following equations for U, D were used: 

where w is the angular velocity of the centrifuge, Vu, is the partial spe&c volume of the macromolecule, P, II are 
the h~cal instantaneous density aad viscosity of the gradient solution, ~2~ ,v, qzt, 1y are the density and viscosity of 
water at 20dC, and S zo,w is the sedimentation velocity in water at 20% &d unit’acceleration. The gradient propet- 
ties p, r) are functions of r, t. Variations in V, have not been considered. Viscosity and temperature corrections 
were applied to the diffusivity: 

D=D (471 
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where TK is the temperature in k&in 2nd D20,w is the diffusivity in water at 20°C. 
The ~e~urba~on parameter E ofeq. (38) is no longer needed and will be set equal 

th% work. 
to one for the remainder of 

Several methods of obrairtig solutions to eq. (42) have been investigated. In this s&xion, solutions in terms of 
repeated integrals of the error function are considered. 

We define b(t) by the differential equation 

6 =-“ii0 -i?QU, @N 

with b(O) equal to th6 reciprocal of the starting band widrh, and also introduce a new rime variable T de&ted by 

f =ab*D,,. (49) 

Then eq. (42) becomes 

The starting concentration ptofrlt! is mast conveniently idealiied by a rectangular shape 

c@, 0) = 0, r<aS *- w/2: 

=Z CO 9 ~,-w[2<r<a~+1$2, 

= 0, a0 + H$L < r. 

of a triangular shape such as used, for example, by Eikenberry et ai. [32j 

4r, 0) = 0, r <a0 - w/3, 

= [~--(r-ffao)/w~co, q--w/3<t<ag+2w/3, 

= 0, no + 2tvj3 < t, (52) 

where w is the starting band width, a,, = a(0) is the band center starting radius, and et, is the m~imom starting eon- 
tentration, [In eq. (52), the band center radius a0 has been chosen to be the radius of rhe centroid of the triangle.] 
We consider a geuera~~ation of these profiles i% which the starting concentration is assamed to be represented hy a 
piecewise polynomial function, i.e., the profrte is made up of a finite number of segments, with a different ~oiy- 
nomial concentration dist~bution in each segment. Such a function can be written as a fiite sum of the form 

where a+ kj and gj are constants (ki a nonnegative integer), and Rk is a generalized ramp function defmed by 
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RJX) = (-XT, XCO, 

= 0. X>O, 

For exampte, the triangular band given in eq. (52) can be written in terms of ramp functions as 
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(54) 

co 
&,0)=T3.R1(P-ao - 2~13) -$ R r (r - ut-, f w/3) - coRO (r - a,, f w/3). 

The initial condition for C,, corresponding to eq. (53) is 

C,lcS, 0) = a(O) W) f$ o#Qj W(O) - $1 

3 

= a(o) W) jg aj tW)l - lCiRki It - $WN - 

For the case Z = 0, eq. (50) reduces to the diffusion equation 

iiC,,/aT= a2qag2. 

(5% 

(56.57) 

68) 
Since eq. (58) is linear it can be solved for the initial condition eq. (57) term by term. The solution of eq. (58) 
satisfying the initial condition for a typical term of the form 

Co& 0) = &(S‘ - E) (59) 

is given by (as may be verified by direct substitution) 

C&, 7) =$ k! (4T>“/” ik erfc $$ , 
( 1 

050) 

where ik erfc(x) is the kth repeated integraI of the complementary error function, i.e., 

i-t erfc(x) = (2/J;;) exp (-x2), (61) 

i” erfc(x) = erfc (x) = 7 (Z/A) exp (-y2) dy, k>O, cm 
r 

ik erfc(x) = i ik’“r erfc 01) dy, 
x 

kk0. (63) 

Tables and some properties of the function ik erfc (xx) are given by Abramowita and Stegun [33]_ One property 
which will be needed Iater is the recurrence relation 

kik erfc (x) = -x ki- f erfc(x) +& ik-’ erfc(x), (W 

which can also be applied repeatedly to evaluate ik erfcfx) by starting with eqs. (61) and (62). 
The solution of eq. (SS) for the initial condition eq. (57) is then given by 

(6s) 

where IL, b, and T are functions of time defined by the ordinary differential eqs_ (4 I), (48) and (49). Eq. (65) satis- 
fies the boundary condi?ions eq. (45) provided the initiai concentration satisfies those conditions_ 

Eq. (65) gives the Iowest order term of the perturbation series. To find the next higher order correction, we put 
C = I in eq. (SO) 
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ZF- ay2 =- ab2Ro 
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+ (-35 - 2m,)b-’ fC,, . (66) 

El+ (65) for Co art now be substituted into eq. (66) to evaluate the right-hand side. The substitution involves dif- 
ferentiation with respect to f, and multiplication by a power of C. The derivative of the function ik erfc can be ob- 
tained by differentiating eq. (63) 

ik- t e&(x) = - -& [ik erfc(x)], k>O, (67) 

however, values ofk Less than minus one can occur, so it is convenient to extend the definition of ik erfc to arbi- 
trary negative values of k by using eq. (67) as the definition, starting at k = 0. The resulting functions can be ex- 
pressed in terms of Hermite polynomials and will be referred to again in the next section. The recurrence relation 
eq. (64) remains valid for arbitrary negative values of k. Eq. (67) makes it possible to express the derivatives occur- 
ring in eq. (66) in terms of the function ik erfc multiplied by some function of time. By using eq. (64), the same 
can be done for multipl.ication by c, for example, for a typical term 

=(ki- l)@ik+l erfc(~)+~~ik~Lerfc(*~(o’)+~b(0)ikerfc(*~o)). (68) 

The right-hand size of eq. (66) can then be expressed as a series of terms each of the form 

where f(T) is some function of T. 
Since eq. (66) is linear it can be solved term by term. The typical equation 

3c1 _ #c, 

aT 312 
- =f(T)i’erfc(rg”) 

has a solution (as may be verified by direct substitutioti) 

C, (r, T) =g(n ik erfc (‘$0)) 

where g(7’) is given by the ordinary differential equation 

dg k 
;iT-e g=fiT), with g(O) = 0. 

The solution of eq. (72) is 

~(T’J = Tkj2 j- rkt2f(n dT. 

0 

(69) 

(70) 

(71) 

(772) 

(73) 
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A detailed examination of the integrals needed for a complete salutian of eq, (66) reveals that, regardfess of the 
number of terms of the series of eq. [65), at most eight integrals of the type in eq. (73) are needed. Ihey am 

(74) 

The same procedure used above to obtain C, can be carried out to obtain Cl for higher values of I, but the com- 
plexity of the solutions grows rapidly, and the process will not be carried further here. With the zeroth and first 
order perturbation, the concentr&tion becomes 

(76) 

in this section an alternative method ofsohrtion for eq. (42) is presented in the fan-n of an infinite series of 
eigenfunctions. 

If the band width scaling function b(r) is defined by the differential equation 

$ = -b(v() +4u1+ 2&k+)) 

and the new time variable is again defined by 

+ = ali2LlQ 

(77) 

f 781 



eq. (42) takes the form 

act a2ct ac, 1 

-- - 

aT ag2 -2~ds_-2cI=--&- n=I 

0 
c( (Da_ l  .nD,)&2--” 5‘” a+ 

- [(rt -i 2)i?, -(R + I)u~+~] b-" p ct+, - C79) 

For the case t = 0, when the right-hand side banishes, eq. (79) can be solved by separation of variables. The solu- 
tion obtained is of the form 

C&t 7.9 = m$n A*(?3 JI;,$k (W 

where 

H,(#) is the Hermite polynomi~ of order m 

Aom(r) =AOm(0) e-2mT. (82) 

Aom(O) is the coefficient of the expansion of the starting concentration C,,@, 0) in terms of the functions g,,(c)- 
The denominator of eq. (8 1) is the usual normalization factor for Hermite functions. To avoid the repeated 

appearance of this factor in later equations, we define 

The functions G,(i) satisfy the weighted orthogonality condition 

J - ec2 $,(5‘) J1,15) dz‘ = 0, mstn, 

-_ 
= r , tr=m, 

so that the series expansion coefficients can be obtained from the equation 

Numerical experiments, however, indicate that the use of a truncated series obtained in this way is not R very ef- 
ficient method of reprssenting a function. For example, for the function 

f(5) = 0, W-5, 

= 1 , -5, +2=5;, 

= 0, &)<I 



the ~cries expansion is satisfactory for co on the order of unity or less, but when co is larger, the Gibbs oscilla- 
tions which originate at the disconthruities tend to be amplified strongly near 5 = 0, in some cases becoming erders 
of magnitude greater than the furrction itself. This difficulty appears to result from the weighting function et” in 
eq. (84), which greatly emphasrzzs large values of < at the expense of the range near r = 0. 

To obtain a more efficient truncated series expansi.)n, the following indirect method has been used. A new 
variable 

z=@-C (87) 

is introduced, and the initial concentration is expanded in a series of Hermite orthogonal functions 

where +,(Z) = e-z2/2 Ii,(Z). (881 

The functions +,(Z) satisfy the vnweighted orthogonaiity relation 

J‘ am(Z) @&?)d.z = 0, m =“tz, 
-Lp 

= 1, tz =t72, 

so that difficulties associated with a wide variation in weight are avoided, and 

A truncated series of the form of eq. (88) can then be written in temrs of 5‘ as 

(90) 

The right-hand side of eq. (9 1) has the form of e- 5‘2 times a polynomial in $ of degree IV. Any such function can 
be written exactly in the form 

(92) 

Thus t& truncated expansion in Hemite orthogonal functions, eq. (9 1) can be rearranged ~vithout further approxi- 
mation into the desired form of eq. (92). The rearrangement is most conveniently carried out by making use cf the 
orthogonahty properties and the integral result 

= 0, otherwise, (93) 

which can be obtained from the contour integral representation of the Hermite polynomials 133 1. The coefficients 
Au,,.,(O) and B, are then related by 
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Eq. (SO) then gives the eigenfunction form of the solution for Co (f, 7’). 
For higher order perturbations we seek a solution of the same form 

where x$,(c) is again given by eq. (64), but A,t,t(T) is now an arbitrary function of T, not necessarily of the form 
of eq. (82). An ordinary differential equation for Alm(7’) can be obtained, making use of the orthogonahty of the 
$J~({), by substituting eq. (995) into eq. (79), multiplying by 

eh2 G&Z) = hk(5) (96) 

and integrating from -m to 0~. After some integration by parts the following equation is obtained 

fb-"(u,+un+l)Dk6~f1 -b-" [01+ %J, +(n f 1)4u,,J 42, A,_,+ 

where t$ and Dk are operators, which act on a sequence of expansion cwfficients, defined by 

@& =XG=E vk*l +mv,+ DkVk =at/,_,, 

(97) 

(98399) 

and superscripts on 4,., or D, indicate repeated application of the operator. Eq. (98) is based on the recurrence re- 
lation for normalized Hermite polynomials 

V,W=~hk+t (5)+mhk(5) (loo) 

and $k is simply the operator which, when applied to the series expansion coefficients, corresponds to multiplying 
the series by {. Similarly Dk is the differentiation operator based on 

p = &Gk_ 1 C). (101) 

To match the initial condition eq. (44) we have 

A,(O) = 0 for IZ 1. (102) 

If the zeroth-order series is truncated at M terms so that 

A 0, Ok = fork>Mand T>O, 003) 

then it follows from eq. (97) that 

A 
Ik 

=o, fork>M+3andT>O, ww 

Ask = 0, fork>M+7andT>O, 005) 
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etc. That is, each of the higher order series involves only a finite number of terms, and no further truncation need 
be carried out. This is usefuL because of the difficulties associated with truncation discussed earlier. 

Eq. (97) involves one ordinary differential equation for each non-zero term of the series eq. (95). For the case 
2 = 1, the solution of these equations can be reduced to at most eight integrations by the substitution 

2mT 
+#I= YlmCTIe- , AO&+) = I&(T) CBnT. (1@6) 

For I = 1, eq. (97) then reduces to 

f [(m f l)~b(D,, +aD,)e2T -&b(7D0 fd?l)e2T t(2m + l)&$ b-’ (v, +QI_I,)~~~ 

- J+T 6-l (3ut + 2011~) e2T] Y. m _ t I 

+[&?m~m- 1)(m-2)b(Dg+=~I)e6TiJm(m- l)(m-Z!)/2b-‘(t~~ ~-LIu,)&~] YOm_3). I 

(107) 

Eq. (107) can be integrated directly and, in view of eq_ (82), the quantities Yolm are all constants_ The eight inte- 

grals needed are 

T3UL fin, 
J7(T) = I bab2D - e-2TdT, 

T3UL + h?, 
J*(T) = s 

0 0 

bab~)D -. ezTdT. 

0 -0 

Tut fav, 
J6CT) = J d e”TdT, 

O bab’D, 

(108) 

In terms of the above integrals, the solution of eq. (79) for 1= 1 is 

The above processes can be applied to higher values of l, but will not be carried further here. 
When the gradient concentration profile is known as a function of radius and time, the determination of the 

radius of the band center requires the evaluation of one integral to solve eq. (41). If two additional integrals are 
evaluated [to solve eqs, (48) and (49) or eqs. (77) and (78)1, the zeroth approximation to the band shape can be 
calculated_ If eight additional integrals are evaluated, the I = 1 approximation can be catculated. 

In some simple cases, the equations can be solved or the integrals evaluated analytically. This can be done, for 
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example, in the case considered by Schumaker [34] and by Baldwin at\d Schooter [ 191. They let 

v=E+Fr, D=C, 

where E, F, G ate constants. 
Then the solution of eqs. (4I), (48), (49) becomes 

a(r) = [a(O) f EIFI; eFr - E/F, 

b(2) = b(O) emFt, 

n[t)= - [Gb’(O)/ZFl (LZ-~~’ - 1). 

!Z?zs. (1 IO), (11 I), (I 12) can be substituted into eq. (65) to obtain the zeroth approximation to the band shape for 
any starting band. Eq. (74) can also be evaluated analytically in this case to obtain the first order apprcximation. 

In complicated cases where the gradient must be evaluated numerically, nunericaI evaluation of the integrals 
needed for a band calcuiation is also necessary. A computer program has therefore been written to c&.&ate the 

evolution of the gradient according to eq. (24), and at the same time, to evaluate the integrals needed to determine 
the band propagation. The program uses eq. (65) for the zeroth approximation and eq. (109) for the first order ap- 
proxjm~tion- 

2.5. Grudien t sol&on properties 

Calculation of the transient diffusion and sedimentation of the gradient-forming sotute as described above re- 
quires that the diffusivity and do be known at every concentration in the centrifuge. Calculation of the sedimenta- 
tion of a particfe requires knowledge of the viscosity and density of the gradient-foxing soIution. AI1 of the above 
quantities depend on the composition of the gradient-forming solution, which we characterize in this section by 
the mass fraction W (grams of gradient-forming soiute per gram of solution), To describe a solute, four functions 
must be defined: 

VP, 0, WV, 0, PW, T), and NV, ‘13 

1~ most cases these functions have been obtained by fitting a polynomial or other simple function by the method 
of least squares, to data found in the literature. The accuracy of the data is usually not definitely known, and 
varies widely from property and from investigator to investigator. To give some indication of the error involved, 
the standard deviation of the data from the least-squares function is given in tabte 2. Certainly the accuracy of the 
present functions is no better than the reported standard deviation, and it could be much worse if the data were 
smoothed by the original investigator, or if they contain some systematic (non-random) error. 

Six gradient-forming sofutes are considered: C&3, sucrose, KBr, NaBr, Kz tartrate, and K, citrate- For the last 

four solutes, properties have been correlated only at 25°C. Since it is sometimes necessary to carry out centrifuga- 
tion below room temperature, properties of C&l and sucrose have been correlated as a function of temperature as 

wolf as CoRc~ntr~tion, and are considered usable {with some loss of accuracy) over a range of approximatefy 
30°C 2 T > O’C. 

In the present work, it was decided that the effect of pressure on the above properties could be neglected with- 
out an unacceptable error, and only properties at 1 atm have been considered. Some indication of the effect of 
pressure is available from the work of Nearst et al. [29 J. 

Since the mass fraction was adopted as a measure of concentration in the correlation of properties, the defini- 
tion of p* was used in the form: 

(I I31 
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where R is the gas law constant, TK is the absolute temperature in kelvin, V is the specific volume of the gradient- 
forming solute, 7 is the molar activity coefficient and M is the molecular weight of the gradient-forming solute. 

For 1: 1 electrolytes, In 7 is a smooth function of &, so 

(114) 

Numerical differentiation was carried out in most cases by fitting a 3rd degree polynomial by the method of Least 
squares to 5 consecutive points of (hi 7. JE. 

For E$tartrate and Kscitrate, the available activity data do not extend to a sufficiently low concentration to 
show the expected asymptotic behavior as W -t 0, and no attempt was made to impose such a behavior on the 
data. 

Table 1 shows the source and range of the data, and the standard deviation of the data from the correlation. A 
discussion of some special cases foUows. 

Activity coefficients for CsCl solutions have beea reported by l-lamed and Schupp 1351, Robinson and Stokes 
[361, Caramazza 1371, and Robinson [3S]. Hamed and Schupp, and Caramaza, used reversible cell emf measure- 
ments and their results agree closely with one another. Robinson and Stokes, and Robinson, used isopiestic measure- 
ments and their results also agree closely with one another. Unfortunately there is a divergence of the electrometric 
results from the isopiestic results at high concentrations. The cause of the discrepancy is not known, nor is it clear 
which results are most accurate. (Direct measurements of P” in a centrifuge by Ifft et al. [39] agree best with the 
isopiestic activities. It is not known, however, whether the centrifuge measurements are sufficiently accurate to be 
considered decisive in this case_) In the present work, the activity data of Caramaua have been used to calculate 
@, primarily because of the wide range of temperatures included. The values of p* obtained in this way deviate 
by as much as 15% from the values based on isopiestic activities reported by earlier investigators [10,29\. 

Diffusion coeFficients for CsCl solutions were available only at 25°C. These values were adjusted for other tem- 
peratures using the equation of Gordon 140). 

Activity coefficients for sucrose solutions were available onIy at 2S°C. Heat of dilution data were available down 
to 12OC, and were used to adjust the activity coefficients to other temperatures. The heat of dih.rtion data appeased 
to scatter appreciably, however, so the correction was considered suspect. An attempt was therefore made to cal- 
culate the osmotic pressure at 3O*C and 0°C. The values thus obtained agreed with those reported by Berkeley et 
al. [41] within about 0.38, up to a sucrose molality of 3. 

Diffusion coefficients for rmcrose were found Over the range of 1 to 70°C and O-70 wt%, but below room tem- 
perature, the only data were for very dilute solutions. All data were fit by least squares to a single equation using 
a parabolic dependence on mass fraction, and a dependence on temperature in the form of Antoine’s equation 
[421. The net effect of this procedure is that diffusicn coefficients at low temperatures, and intermediate to high 
concentrations, are obtained by extrapolation of the higher temperature data using Antoine’s equation [431- 

The activity data reported by McDonald and Hsu [43] and used in the present work were not obtained by di- 
rect measurement, but rather were calculated from measured diffusion coefficients using an equation similar to 
Gordon’s equation. 

The experimental K?tartrate density values of Martignoni [44] covered only a narrow range of concentration 
from 38 TV 46% tartrate. Densities between 0 and 38% were obtained by interpolation. Because of the very wide 
gap between 0 and 38%, the data were first converted into p vs c (grns K, tartratelcc solution). A plot of these 
variables usually results in a more nearly straight line than other methods of carrelation. A least-squares polynomial 
was fit to the p YS c data, and the results were then converted back to the form W(p) needed in the present work. 

In the case of K3citrate and T+tartrate, data for most properties were available only at 5 concentrations. In 
these cases an equation was tit exactly to all 5 points, so that no standard deviation estimate was obtained. 

The thermodynamic parameter fl” has been calculated and tabulated by a number of investigators. Comparison 
of the values obtained with the present work is discussed below. 

For CsCl the comparison has already been mentioned. 
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Gradient-forming soIute properties 

Property Source Range of data Std. deviation 

CSCl 

density 

viscosity 
(a In daJr:7~p 

diffusivity 

Sucrose 

density 
viscosity 
activity 

diffurivity 

KBi 

density 

viscosity 

(3 In dJ&‘-l, 

diffusivity 

NaBr 

density 

viscosity 

activity 

ICT [45] 

Lyons and Riley (~61, Gmellins tiazdbook [47] 
caramazza 1371 

Robinson and Stokes [48] 

o”C<T63O”C 0 < w c 0.65 * o.QOaQ6 wt. 
fraction units 

0°C < 7-G 50°C 0 4 W c 0.63 f 2% 
O”C6T635”C 06 WC05 f 0.15 out of 

_ 2.6 marxirnum 
T = 25°C 0 < W c 0.57 f 0.4% 
(see text for temperature correction) 

Barber [49] 
Barber [49] 
Robinson and Stokes [48]. Hunter [SO] 

0°C c T r; 30°C 0 < W < 0.60 c 0.04% density 
0°C C T c 30°C 0 < W c 0.60 *- 0.3% 

12°C c 7- 6 30°C 0 4 W c 0.60 0.6% maximum 
(veritied down to 0°C) deviation at 25°C. 

Unknown at other 
temperatures 

En&h and Dole [Sll, Costing and htorris {s2], 1°C < T6 70°C 0 < w c 0.70 + 2% 
Hem-ion [531, Gladden and Dole [54] (but no data betow room temperature 

when W > 0.05) 

ICT [45] T= 2S’C 

Landolt-Bornstein [ 551 T = 25’C 
Robinson and Stokes [481 T= 25°C 

Robinson and Stokes [48] T= 25°C 

Adams and Schumaker [ 56 1 

Adams and Schumaker (561 

Robinson and Stokes 1481. Prnciner and 
hlarcus [571 

T= 25°C 

T= 25°C 

T= 25°C 

diffusivity Robinson and Stokes [481 T = 25°C 

KJcitrate 

0 < w < 0.40 i 0.00005 mass 
fraction units 

0 =sI w =z 0.40 t 0.2% 
0 6 W c 0.40 f 0.03 units out of 

a maximum of 3 
0 6 W 6 0.36 i 0.34 

0 < W 4 0.48 0.00084 mass 
fraction units 

0 4 W < 0.48 the original data 
are reported to be 
reproducible with- 
in * 0.2% 

0 G IV 6 0.50 z 0.005 out of a 
maximum of 0.6 

before differen- 
tiation 

0 =z IV 6 0.22 * 0.6% 

density 
viscosity 
activity 
diffusivity 

Barber [SS] 

McDonald and Hsu [43 1 
McDonald and Hsu [43] 
McDonaId and Hsu (43 1 

T= 15°C 
T = 25°C 
T= ?.S=‘C 
T= 2S“C 

0 6 W c; 0.56 indeterminate 
O’WCO50 indeterminate 
o<w<osl indeterminate 
0 c w 6 0.50 indeterminate 
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Source Range of data Std. devirttion 

density hktrtignch 1441 T = WC 0.38 4 W < 0.46 * 0.00015 m3ss 
fcwtion units 

viscosity McDonald and Hsu 143 ] 
activity McDonald and Hsu [43] 
diffusivity h¶cDonaid and Hsu 143) 

T= 25°C 
T= 25°C 
T= 25°C 

0 d IV G 0.50 indeterminate 
0 G w G 0.50 indetecminzte 
0 G w i 0.50 indeterminate 

For sucrose at 2S*C, p” has been cahzulated by Ifft, Voet, and Vinograd f I I], Trautman [ lOl_ and McEwen [ 131, 
and a graph comparing the results has been presented by McEwen. All results appear to be consistent, and the values 
obtained in the present work, fall generally within the scatter band of previous results. 

For KBr at 2S”C, P” has been calculated by Ifft, Voet, and Vinogtad [11], and by Ifft, Martin, and Kinzie [391_ 
The results agree well at lower concentration but deviate somewhat as the concentration is increased. Results of 
the present work agree much better with those of Ifft, Vaet, and Vinograd despite the fact that the numeric& ana- 
lysis used (nnme~c~ differentiation by least squares po~ynomjals} is more nearly similar to that of Ifft, bfartin, and 
EGnzie_ 

For NaBr at 2S°C, values of /3@ agree well with those of Ifft, Martin, and Kinzie [391 except at the highest con- 
centration where a difference of about 8% QCCU~S. 

3. Comparison of simulated and physical results 

This s~u~ation methodo~o~ in the form of the 
computer program DIFSED has been used to evahr- 
ate and design separation protocols for zonal centrif- 
ugation. Selected examples from these studies which 
compare experimental and calculated results are used 
to assess the utility of this simutaiion method. 

Separation of plasma lipoproteins in zonal rotors 
was first reported by Heimberg 1591 and by Wilcox 
and Heimberg t60]. At that time, we set out to opti- 
mize these separations and consequentIy initiated de- 
velopment of this simulation method [61]. 

Cesium chloride (99%) was obtained from Kawecki 
Berylco Industries, Inc., and purified before use by 
the method of Wright, Pappas, Carter, and Weber 1621. 
Sodium and potassium bromide were analytical re- 
agent grade (Baker Chemical Co.). Human plasma 
was recovered from one unit of freshly drawn blood 
collected in ACD anticoagulant (kindly supplied by 

J.N. Brantley), and held at 4” under sterile conditions. 
All separations and analyses were performed with this 
sample to provide internal consistency in c~rnea~ng 
simulated and experimental results_ The “lipoprotein 
fraction” sample for zonal centiifugation containing 
those proteins with solvated density less than I.20 &m3, 
was prepared by diluting an aliquot of the above plasma 
[with 55% w/w CsCI, 0.0 I M tris-HCI (pH 7.6). 
0.005 M EDTA] to a density of 1.30 g/cm3 neglecting 

protein. This solution was centrifuged in polycarbonate 
tubes at 5~~~0 rpm and 20” in a Beckman Ti-50 angle- 
head rotor for 18 hrs. The top 2 ml from each tube 
were removed by gentle suction and paoIed. For ana- 
lytical UItracentrifugation, the various fipoprotein frac- 
tions were isolated from the whole plasma by sequen- 
tial centrifugation [63 1. 

Zond centrifugation was in a titanium B-XV rotor 
@4] in a Beckman L-ZU centrifuge at 25 ttr 2O. The 

rotor contents were eluted through a spectrophotom- 
eter flow cell monitored at 280 nm and collected in 
40.ml fractions. The density of these fractions was de- 
termined-either with a specific gravity digital recorder 
1651 for KBr, or with a refractometer (Bausch and 
Lomb, Abbe-3L) for CsCI. The equation of Ifft, Martin, 
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and Kinzie [39J related density to refractive index of 
ZsCI solutions_ 

Sample band width expansion due to rotor loading/ 
unioading and to anomalous zone broadening or drop- 
Iet formation f&i-70] was estimated by the fo!low- 
ing experiment: into the rotor spinning at 1700 rpm, 
were introduced in order through the edge line: 
1600 ml 0.05 M tris-HC1 (pH 7-O); 33 ml sampb= 
140 mgfml bovine serum albumin (BSA), 0.05 M tris- 
HCI (pH 7.0); CsCI to a density of 1.20 g/cm3 f ; 
1850 ml cushion CO.05 M tris-HCI (pH 7.0). CsCl to 
a density of 1.50 g/cm3 ] _ The sample and 250 mI of 
the dense CsCl solution were metered into the rotor 

at 10 ml/mm by a roller-tubing p”mp, then the te- 
main;ng 1600 mi of dense solution was used to dis- 
place the rotor contents at 40 ml/min through a spec- 
trophotometer flow cell in the rotor core line. 

AmdyticaI ccntrifugation was in a Beckman model 
E centrifuge using the schlieren optical system and 
the photoelectric scanner. VaIues of a2t were ob- 
tained from a Beckman integrator attached to the 
photoelectronic speed control. Flotation occurred at 
25 -F OS” in NaCI (1.063 &m3) or NaBr (1.21 g/cm3). 
Rotation coefficients were calculated from the minima 
of the schlieren curve or from the boundary half-height 
on the integral trace from the scanner, with the excep- 

tion of the VLDL+ where three flotation coefficients 
were calculated (from the leading and traihng edges of 

Table 2 
Physical constants of simulated plasma components 

the boundary, and from the haIf height) in an attempt 
to defme the range of flotation coefficients among 
the VLDL. The scanner output was a 25 X 30 cm plot 
by a Hewlett-Packard X-Y recorder_ 

The physical parameters used to sirnuIate the zonal 
flotation of various particles (table 2) were obtained 
from the following sources. 

lipoproteins: Flotation coefficients were measured 
on fractions obtained by sequential density fractiona- 
tion [63JThe Iight absorbance at 280 nm of these 
fractions; corrected for dilution, was used to describe 
the concentration of each particle species in whole 
pfasma or in the lipoprotein fraction. Diffusion coef- 
ficients were calculated from the ~xp~~ent~ly de- 
termined Rotation coefficients and the particle den- 
sities, assuming a sphxical shape; then checked in the 
case of the LDL and HDL by a second caiculation em- 
ptoying the particle density and molecular weight 156, 
71]_ 

Ptarma pro&aitrs; The denser plasma proteins were 
represented by three particle chtsses: serum albumin, 
fibrinogen t- 7-globulins, and orosomucoid f al- 
antitrypsin. The use of composite particle classes was 

* Abbreviations used: VLDL, very low density lipoprotein, 
P C 1.019 g cm3; LDL, low density lipoprotein. p = 1.019- 
1.063 g/cm 

I ; HDL, high density lipoprotein; HDLa p = 
1.093 &m3, HDL3 P = 1.148 g&ma. 

Emicfe 

VLDL 

LDL 
HDLz 
HDL3 
Uric acid 
Orosomucoid ar-antitrypsin 
AlbUYniri 
Fibrinogen rglobutin 

Sedimentation Density Diffusion 
coeffcient Wcm3 ) 

Concen~tion (A :gynm ) 
coefficient 

Wedbergs) (Ficks) ACD-plasma Lipoprotein fraction 
P -z I-2 &n3) 

-- - -- 

- 160 =) 0.95 0.8 0.3 t-1 

- 80 al 0.97 1.0 0.3 1.1 

- 20”) 0.99 1.6 0.3 1-t 

- 6.60 a) 1.036 2.2 1.32 5.00 
- 3.94 b) 1.093 4-l 0.59 2.22 

- 2.72 b) 1.149 5.4 O-96 3.6 I 
0.2s =) I.41 60 2.88 1.99 
3.35 cf 1.534 5.21 - 

4.60 Cl 

2.62 

1.364 6.10 20.2 
7.02 c) 1.358 3.66 21.6 
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an attempt to account for the majority of plasma pra- 
tein mass whife remaining within the Emited number 
of particles species that could be treated by the com- 
puter program. The physical properties of these par- 
ticles were obtained from literature compilations (72,731. 
Concentration values used were average male levels, con- 
vested to absorbance at 280 nm by absorptivity values 
from the literature 172,741. In the case of the fibrinogen 
+ y-globulins and the orosomucoid f CKI-antitrypsin corn- 
posite particle classes, the values used to simulate the 
particle class were the means of the light absorbance- 
weighted physical parameters, 

where 2 - is the absorbance at 280 run due to the ith 
particle tpecies in the sample, and Pi is the physical 
parameter (i.e., _.. SzO,w, D20,w, etc.) of the ith spe- 
cies. 

Uric acid: Chemical analysis yielded a pfasma uric 
acid concentration of 4.4 mgfICl0 ml f75] _ This is 
equivalent to an A::&,, of 29 using a molar absorp- 
tivity value of 11 X IO3 liters mole-’ cm-’ for uric 
acid in aqueous solution at pH 7.0 (Dr. Carl A. Burtis, 
personal communication). This value was confirmed 
by cent~fu~g dilute ACD-plasma in the analytic& 

ultracentrifuge for a time sufficient to completely 
sediment a 2 svedberg boundary, then scanning the 
cell at 280 nm. 

Fig. 1. KBr step gradient in B-XV rotor. Initial conditions (-4 
9-5s r&al gyp step width. Calculated conditions (-----*) and 
obsemxi conditions (0 o 0) after 32.25 hours at 29 and 

100a0 rpm 

3.2.2. Res=Z&s 
The physical and simulated redistribution of a KBr 

step gradient at IO000 rpm are compared in fig. if Con- 
sidering the non-ideality of the B-XV rotor cavity (non- 

radial septum surfaces and rounded comers at the outer 
wall), the experimental fkdings adequately confirm the 
calculated values. The same protaco with a narrower 
Csfn step gradient was used to determine if a reIatiw?Iy 
concentrated BSA sample zone would retard the dif- 

fusion of CsCi through the zone (fig. 2). No retardation 
was SM!~, thus confinning our earlier assumption that 
the macromolecules were sufficiently dilute to not af- 

Fig. 2. CsCI step gndient in &XV rotor with md without 
sample tone of bovine serum Illbumin_ CsCI density gradient 
silnuhted (- ), recovered from rotor without (0 o o o o) 
and with (X X x x X) BSA. BSA sample (including dimer) 
zcme profile simulated I -----I and e~~e~rnent~ (0 - * * I). 

Itit% gndient: with BSA, 1344 ml [O-O1 hl tsis-HCi 
@Ii 75)j ; 33ml {sample containing 44 mg bovine serum 
albumin/ml, 0.01 XI (pH and 3 0.01 hf Tris- 
HCI (PII 7.5). CsCl to a density of 1.497 g/cm3 1; 290 ml 
jO.01 M UirHCI (pti 7.51, Cscl to a density of 1.497 g/cm3 1. 
Withaut BSA. 1373 ml fo.or M &Ha (pN 7.5)); 293 mt 
[O.Ol M trirHCl ($3 7.5). CsCl to a density of 1.497 g/cm3 1. 

Simulated as: 24---1.97 cm rotor radius, 0.997 g&m3 
gradient density; 7.97-8.01 cm, linear interpolation 0.997 
to 1.043 g/cm”: 8.01-8.06 cm. LO-%3 g&m ; 8.06-8.10 cm, 
linear interpolation 1.043 to 1.497 g/cm3, 8.10-8.89 cm, 
1.497 g/cm3 (sample zore 7.99-8.08 cm). 

Rotor velocity: accekxation. 0.32 hr. 1500 to 25319 rpm; _ 
9-11 hr at 25319 rpm; deceleration, 0.34 hr, 25319 to 1500 rpm. 
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Fig. 3. lipoprotein fraction centrifuged on a CsCl density step. Simulated ( -1, experimental (0 l 0). 
Initial gradient: 1405 ml [O-O5 hI tti-KC1 @H 7.6),0.005 M EDTAI; 11 ml [lipoprotein fraction]; 2.50 ml [0.05 ht t&--Ha 

(pH 7.6), 0.005 XI EDTA, CsQ to P density of I.-Z95 &m3]_ 
%nuIated as: 2.4-8.12 cm rotor radius, 0.997 g/cm3 gradient density; 8.12-8.23 cm,lincar interpolation 0.997 to I-495 g/cm’; 

8.23-8.89 cm, 1.495 g/cm3. Sample zone: 8.13-8.18 cm radius. 
Rotor vetocity: (A) acceleration, 0.33 hr, 1500 to 27969 rpm- ,?.I34 hr at 27969 rpm; deceleration 0.33 hr. 27969 to 1.500 t-pm. 

(BI acceleration. 0.33 hr. 1500 to 25745 rpm; 14.03 hr at 25745 rpm; deceteration. 0.20 hr, 25745 to 1500 rpm. 
PartiCk zone identification: V. VLDL; L, LDL; HZ. HDL?; H3, HDL3; U, uric acid; A. albumin. 

feet the behavior of the gradient-forming solute. The 
less rigorous match between the experimental CsCl 
redistributions and the simulated gradient than that 
found with KBr is due to the placement of the nar- 
rower initial salt gradient. The outer 10% of the rotor 
cavity’s radius contains the rounded comers, which 
produce a smaIler volume than that calculated from 
the simpIe cylindrical geometry used for simulation. 

This degree of inaccuracy in gradient simulation 
does not appreciabIy affect the ability to predict macro- 
molecule zone movement in the experimemal gradient. 
Simulated and experimenta separations of lipoproteins 
were compared using both the lipoprotein fraction and 
whole plasma samples. Lipoprotein fraction samples 
were centrifuged for 4.0 and 14.5 hr at 28 000 rpm 
on a CsCl step gradient (fig. 3a,b). Only the LDL and 
the combined fiDL,-HDL3 zones could be clearly 
identified in the experimental gradient profile, and 
the center of each agreed closely with its predicted 
radial position. We did not expect to find peaks in the 
experimental trace corresponding to the three simu- 

lated VLDL peaks, since those three zones represented 
the two extremes and the midpoint of a very broad 
boundary in the analytical ultracentrifuge. A similar 
fractionation of plasma in the 2onaI rotor (fig. 4) 
showed the simulated and experimental LDL and HDL 
zone positions in agreement at 16.6 hr. The observed 
HDL zone was not as well resolved from the denser 
plasma proteins as predicted. Contributions to this ap- 
parent lack of agreement in fig. 4 include: (1) The 
small IN-absorbing plasma constituents (typified by 
uric acid in the simulated trace), which would tend to 
obscure separations. (2) We have not accounted for alI 
particle species present in plasma, but have attempted 
to represent them within the limits of the simulation 
program. (3) There is actually more of the fibrinogen 
f -r-globulin peak present than shown in the Caicomp 
pIots (e.g., to enable the computer to efficiently pro- 
duce useable plots a small departure from reality is 
necessary. As the dense plvma proteins sediment on- 
to the wall, or conversely, as the VLDL impact onto 
the rotor core, their concentration at the wall increases 
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fslnus mm-' 

Fig. 4. ACDpIasma centrifuged on n CsCI density step. Simu- 
lated ( -) experimental (* 0 0). 

Initirrl gradient: 1383 ml [0_W XI tris-HCI @H 7.6). 
0.005 St ED-k-AI; 33 ml fw#e cantiining 30 ml ACD plasma 
aad 3 ml 0.05 h¶ ti-HCl fpH 7.6). 0.005 hf EDTA. CsCl to a 
density of 1.5 g/cm3 1; ‘750 ml [O.OS M tris-HC1 IpH 7.6). 
0.005 M EDTA, Cscl to a density of 1.5 g/cm3]. 

Simulated as: 2.4-8.14 cm, 0.997 g/cm3: 8,14--8.22 cm, 
Linear interpolation 0.997 to I.500 &=m3; 8.22 to 8-89 cm, 
1.500 g/cnt3. Sample zone: 8.02~-8.U3 cm radius. 

Rotor velocity: acceleration, 0.42 hr, 1500 rpm to 
28094 rpm; 15.83 hr at 28094 rpm; deceleratian. 0.33 hr, 
28094 to 1500 rpm. 

Particle zone identification as in fi_e 3. 

~xponenti~ly. To plot this concentration, the pro- 
gram would se&t a concentration range in which the 
zones of greater interest, i.e., HDL, uric acid, would 
be virtually invisible. This inconvenience is eliminated 
by allowing the particle zone to mathematically sedi- 
ment through the wall until the zone center reaches 
the wail radius, at which time the plotting of that par- 
ticular zone is suppressed. The zone concentration 
profile data is still tabulated in the printed output and 
can be added manually if desired. In the present case, 
she fibrinogen * y-globulins zone center reached the 
rotor wd.l at 13 hr, and at the time plotted (16.6 hr, 
fig. 4) was caIcu1ate.d to contribute an absorbance of 
0.5 A :&“nm at a radius of 8.80 cm). A further com- 
plication oF a particle species actudly compacting on- 

to the rotor wall or core is that the back diffusion of 
that species will be enhanced by the increased particle 
concentration near the solid surface. 

The observed LDL peaks were generally broader 
than predicted_ This was not due to zone expansion 
caused by fluid miving during the sample loading pro- 
cess, or transient density instabilities [66,69,70], as 
shown by inserting a BSA sample and CsCl gradient 
in the rotor; then ~mediately unloading it through 
a spectrophotometer fiow cell (cf. htethods). The re- 
covered protein peak appeared gaussian in shape with 
a width at half height almost twice that of the original 
sample. However, whether the inserted sample volume 
of 33 mk, or the immediately recovered sampIe v~~urne 
of 60 ml was used to simulate initial conditions, the 
calculated lipoprotein peak widths resuiting from one 
hour of centrifugation are identical within the limits of 
measurement. The major reason for the wider observed 
LDL zones in tigs. 3 and 4 is probably the hydrodyna- 
mic heterogeneity of the lipoprotein particle popula- 
tions. 

These results (figs. 3 and 4) demonstrate that the 
radial location of particle zones sedimenting in a rapidly 
changing density gradient can be accurately predicted. 
The zone concentration profdes predicted from par- 
ticle diffusion and from the effect on the zone of the 
solute density and viscosity gradients 176,771 agree 
reasonably well with experiment in figs. 3 and 4 con- 
sidering the heterogeneity of the Iipoproteins. This 
agreement is decreased near a rotor wall on which part 
of the particle zone has compacted. 

Two characteristics of K-series centrifuge opuration 
complicate the analysis of particle transport in these 
rotors. Loading and unloading of density gradienis is 
generally performed with the rotor at rest [ 11. This results 
in a gsav~tation~ reorientation of the gradient as the rotor 
is accelerated and decelerated, with isodense regions of 
the gradient passing through parabolae of revolution 
[78-SO] _ While the gradient reorientation into the cyiin- 
drical “spin” configuration is generally considered com- 
plete above 2000 rpm (because the greatest tendency 
for gradient mixing due to Coriolis force occurs below 
this VeIocity), in reality the gradient approaches asymp- 
totically the cylindrical geometry assumed for simulation. 
This effect is appreciable only hecause of the Length of 
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the K-rotors. Second, the narrow radial gap (1.2 cm) of 
the K-II and K-III rotors coupled with the large surface 
area between concentric volume elements of the gradient 
in “spin” configuration result in a rapid redistribution 
of gradient forming solute by diffusion. This has led to 
the general use of initial step gradients that rapidly dif- 
fuse during the separation. In the case of continuous- 
sample-flow operation this rapidly diffusing gradient 
solute may be lost from the rotor cavity into the exit- 
ing sample stream. 

3.3.1. Methuds 
Cesium chloride was determined as fcr the lipopra- 

tains. The titznium K-III rotor was used in a tempera- 
ture controlled centrifuge as previousty described [S 1, 
821. The initial density gradient was a CsCl step occupy- 
ing the outer half of the radial gap. The rotor was fdled 
at rest with deionized water at 25°C. then 1728 ml 
CsCl solution (1.3 gkm3) was pumped in through the 
lower f&id line (the volume of C&l added was deter- 
mineii by weighing the water displaced from the rotor)_ 
The rotor was accelerated at 2 rpm/s to 500 rpm, and 
at 4 rpm/s to 2000 rpm, &en at full drive air pressure 
to 35000 rpm. This operation required 25 minutes, 
After 1 hour at 3500 t-pm, the rotor was decelerated 
under full braking air pressure to 2500 rpm, allowed 
to coast to 2000 rpm, then decelerated at 4 rpm/s to 
500 rpm and at 2 rpm/s to rest. This operation also 
required 25 minutes. The gradient was immediately 
unloaded through the bottom line at LOO mllmin by 
air pressure. 

3.2.2. Rest&s 
The close correspondence between the observed 

and simulated CsCl distributions (fig. 5) suggest that 
rapidly diffusing gradients of CsCl can be predicted 
w!th confidence even with reorientation in the K-III 
rotor when the acceleration-deceleration phases re- 
quire 45% of the total time. We have not attempted 
to deal with the transient parabolic gradient confgura- 
tions below 2000 rpm. A more complete study of dif- 
fusing gradients in the K-111 rotor has earlier verified 
our ability to simulate the diffusion of gradient-fonn- 
ing solute into the continuous-flow stream at the rotor 
core and subsequent removyl from the rotor [82j. 

% 
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Fig. 5. CsCI gradient in K-III rotor. Experimental (0 l -) and 
calculated ( -) density gradient. Initial experimental con- 
ditions in text 

Simulated as: 5.4 to 5.997 cm roOtor radius. 0.997 g/cm3 
gradient density; 5.997 to 6.003 cm, linear interpclation 
0.997 to 1.3 g/cm3; 6.003 to 6.6 cm, 1.3 g/cm’. 

Rotor velocity: 0.033 hr, linear interpolation 0 to XC0 rpm; 
0.35 hr. linear interpalation 2000 to 35000 rpm; 1.0 ht. 
35000 rpm; 0.384 hr. linear interpolation 35000 to 2000 rpm; 
0.033 hr. linear interpolation 2000 to 0 rpm. 

3.3. Cortcenrration proflIes of macromolecular zones 

In the separation of macromolecuk species by 
zonal centrifugation, the concentration profile (and 
especially the width) of the sedimenting bands, as 
well as the mean radius of the bands, must be known 
to determine the degree of separation. The stability 
of a band, which may determine the capacity, i.e., 
the maximum mass of macromolecules that can be 
loaded onto the gradient, also depends on the concen- 
tration profile during centrifugation [24,66-70,76- 
771. 

While the present method includes the ability to 
simulate changes in macromolecule zone shape due to 

sedimentation through a supporting gradient of vary- 
ing viscosity and density, and simultaneously to calcu- 
late band resolution and stabiity at each time step; 
here we specificalJy treat zone profiles resuhing from 
macromolecular diffusion in a stable density gradient. 
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Fig 6. Diffusion of cytachrome-c in NaBr. Simulated (-1, 
experimental (0 - 0). Conditionsas in (831. 

I i , 

i=aIus 

Fig 7. Diffttsion of bovine semm albumin in NaBr. Simulated 

(I----- ), experimental C* 0 0). Conditions as in f &4 1. 

Fig. 8. Diffusion of Ml3 viral DNA in NaBr. Simulated (-), 
experirnenti (0 * -k Conditions as in [ 85 ] _ 

During the de\ Aopment of the technique of zonal 
diffusion, the difflxsion coefficients of cytochrome-c, 
bovine serum albumin, -,A X:3 vial DNA were de- 

termined from very careful measurements of the zone 
profiles resulting solely from diffusion (insofar as pos- 
sible through experimental design) [83-85]_ Selected 
cases from these studies have been simulated and com- 
pared in tigs. 6-8. The fits obtained indicate that over 
a tenfold range of diffusion coefficient tha simulated 
results reflect reality. Tbe most difficult problem in 
comparing experimental and simulated results of this 
nature is det~~~~ng the actual concentration (light 
absorption) of macromolecules inserted into the rotor, 
analogous to the problems experienced during analy- 
tical uitracentrifugation studies. 

3.4. Pm-tick sedimentatim in barld-fomzing 
centerpieces 

The development of band-forming centerpieces for 
the analytical ultracentrifuge opened a valuable field 
of particle analysis [ 171. The necessity that the sedi- 
menting macromolecule band be supported OR a shaI- 
low diffusion gradient has been met by appropriate 
choice of rotor speed. A more rigorous investigation 
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of band shape and position due to interaction with 
these dynamic gradients is within the scope of the 
present method. The band centrifugation studies with 
M 13 viral DNA [SE] have been simuiated and com- 
pared with excellent correspondence. 
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