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SIMULATION OF GRADIENT AND BAND PROPAGATION IN THE CENTRIFUGE

W.K. SARTORY, H.B. HALSALL® and J.P. BREILLATT
AMolecular Anatomy (MAN) Program?®,
and Reactor Division, Oak Ridge National Labaratory®, Oak Ridge, Tennessec 37830, USA

A technique is developed for simulating the behavior of both the rradient-forming solute and macromolecular bands
in a centrifuge.

The change with time of the density gradient due to diffusion and sedimentation of the gradient-forming solute is cal-
culated by a finite difference method, making use of the resules of carlier work on the theory of the enuilibrium density
gradient.

Using a perturbation technique, the concentration profiles of dilute bands of macraomolecules arc then calculated as
they sediment and diffuse through the varying supporting gradient,

Results of the simulation techniques are compared with experiment.

1. Intraduction

Svedberg developed his first analytical ultracentrifuge 50 years ago to quantitatively measure the sedimenta-
tion of particles in a centrifugal field. For decades these measurements were made almost exclusively in optical
centrifuges relying on self-generated gradients of the particles themselves for stability. Zone sedimentation, how-
ever, requires a separate density gradient to support the particle zone. Since most zonal centrifugations are not
carried out in optical rotors, predictive and retrospective analyses of the particle zone movement in the gradient
requizes detailed knowledge of the gradient parameters. For this reason methods for centrifugal separations in
density gradients are usually developed empirically. Optimization of these methods involves exceptional insight,
long experience, or numerous experiments to evaluate all parameters. When the K-series zonal centrifuges {1] are
used for large-scale separations, such investigation of parameters is often impractical due to the expense of gradi-
ent and sample materials.

In this paper we introduce a simulation technique for use in determining the efficacy of proposed separations
and to aid in optimizing the experimental parameters befare the first experiment.

There are two aspects to the simulation: prediction of the behavior of the gradient-forming solute, which tends
to diffuse and sediment during a run, and prediction of the behavior of the bands of macromolecules themselves.
These two aspects present different praoblems and were approached in different ways.

Two approximations underlie both aspects. First, the bands of macromolecules are assumed to be dilute so that
the concentration of macromolecules does not affect the behavior of either the gradient-forming solute or of the
bands. The gradient-forming solute, however, is not considered dilute. Second, the effect of pressure on the propes-
ties has been neglected. The behavior of the gradient-forming solute will be taken up first.

Finite difference methods for the numerical calculation of sedimentation and diffusion in a centrifuge have
been developed by a number of investigators [2—9]. While these authors have been primarily interested in calcu-
lating the behavior of macromolecules, their methods are applicable to solutes of arbitrary diffusivity and sedi-
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mentation coefficient, and can therefore also be used to study the behavior of a gradient-forming solute.

In a parallel line of investigation, the theory of the equilibrium density distribution of a gradient-forming so-
lute has been developed [10—12]. The equilibrium distribution depends on a thermodynamic parameter, 8, which
can be determined from solution activity coefficients. Values of 8 have been tabulated as a function of concentra-
tion for a number of common gradient-forming solutes in the above papers.

In the present work we develop a finite difference method which makes use of the gradient solution diffusivity
and B, to calculate the development of the density gradient with time, beginning with an arbitrary initial density
distribution.

The paths followed by particles sedimenting through an arbitrary (but fixed) gradient have been calculated by
numerical integration by Martin and Ames [13] and Bishop [14]. In the present work, numerical integration is
used to determine the path of a particle sedimenting through a time-dependent gradient (which is itself sediment-
ing and diffusing). We next take up the problem of determining the concentration profile of the band of particles.

Analytic solutions to the Lainm equation describing the sedimentation and diffusion of a band of macromole-
cules in a centrifuge have been obtained by Gehatia and Katchalski [15], Rubin and Katchalski [16], Vinograd
et al. [17], and Dishon et al. {18], by neglecting the effect of the variation in gradient properties on the propaga-
tion of the band.

Another approach to the calculation of band behavior is the method of moments [19,20]. A technique closely
related to the method of moments has been used by Schumaker and Rosenbloom {21]. There is a connection be-
tween the method of moments and the eigenfunction expansion method which is developed in this work. In fact,
if a complete set of moments is obtained by any technique, the eigenfunction expansion can (in principal if not
ir practice) be used to reconstruct the concentration profile. This method of constructing concentration profiles
from moments has been applied in chromatography theory by Kucera [22].

The method of moments can be used to account for the effect of the gradient on the behavior of the band by
representing the sedimentation velocity and diffusivity as a Taylor series in radius. In general, however, (if the
series for sedimentation velocity is carried higher than the first power) this approach leads to recursive equations
for the moments, so that each moment depends on higher moments. This recursiveness poses difficulties in solu-
tion. If the eigenfunction expansion technique of this work is interpreted as a variant of the method of moments,
then we have resolved the recursiveness by a small perturbation method.

Solution of the Lamm equation by finite difference methods has also been used to calculate the behavior of a
band of macromolecules [2--9]. Such methods are very general in application, and could certainly be used for the
simultaneous solution of the equation governing the behavior of the desnity gradient and the bands. In the case of
very narrow bands moving through a much wider gradient, difficulty would probably be encountered in choosing
compatible finite-difference grids while still maintaining computational efficiency. We prefer to develop an approxi-
mate analytic solution governing the band behavior and to couple it to a finite-difference solution for the density
gradient.

Sedimentation of macromolecules through an arbitrary, fixed gradient (i.e., a gradient which does not itself sedi-
ment or diffuse) has been considered by De Duve et al. [23] and Berman [24]. These authors have not considered
the diffusion of the macromolecules.

An analytic solution for non-diffusive sedimentation of a band of macromolecules through a time-dependent
gradient has been obtained by Dishon et al. [25]. In the same work, an analytic solution for the diffusion and sedi-
mentation of a band through a time-dependent gradient has been obtained using the rectangular approximation.
The solution technique, however, depends on the special assumed form of the time and radius dependence of the
density gradient.

Weiss and Dishon [26] use a perturbation technique to calculate the diffusional spreading of a moving bound-
ary sedimenting throu h an arbitrary but rixed gradient. They first obtain an exact solution in the absence of dif-
fusion. An approximate correction for the effect of diffusion is obtained by taking the diffusivity to be a “small”
parameter.

In the present work we develop a method of obtaining an approximate analytic solution for the sedimentation
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and diffusion of a thin, dilute band of macromolecules through a presciibed gradient with arbitrary time and ra-
dius dependence. Both the sedimentation velocity and the diffusivity of the macromolecule are considered to be
affected by the gradient. The concentration of the macromolecule is considered to be too small to have an affect
on the results. A perturbation technique is used in which the band width is considered to be a “small” parameter.

2. Theory
2. 1. Gradient behavior

In the present work, the diffusion and sedimentation of the gradient-forming solute and the sedimentation of
the macromolecules occur simultaneously. The macromolecules, however, are assumed to be sufficiently dilute as
to have no effect on the behavior of the gradient-forming solute.

The centrifuge geometry is assumed to be perfectly cylindrical or sectorial.

At equilibrium in a centrifuge, the “total potential” of the components, i.e., the sum of the chemical potential
and centrifugal potential is a constant [27], so that, neglecting any axial or angular dependence:

=0, (1)

where g, is the chemical potential per unit mass of the gradient-forming solute, w is the angular velocity of the
rotor, and r is the radial distance from the axis of rotation (all quantities may be expressed in CGS units unless
otherwise noted). If the left hand side of eq. (1) does not vanish, a flux accurs in the centrifuge.

The theory of diffusion based on irreversible thermodynamics [28] gives the radial flux in a binary solution
proportional to the left-hand side of eq. (1),

Iy = K(w?r — au,/3r), )

where J{ is the mass flux of the solute relative to the volume-mean velacity of the fluid, and K is a proportionality
constant.

The chemical potential depends on pressure and composition (and temperature, which we ignore by considering
only an isothermal pracess). The composition can be specified in various ways, e.g., mass fraction, molarity, etc.
It is convenient here, however, to characterize the composition of the binary gradient-forming solution by its den-
sity at atmospheric pressure, p0. The difference between the density, and most of the other properties, at atmo-
spheric pressure and at the centrifuge pressure is rather small, and we shall eventually neglect it. We retain the dis-
tinction here so that p? determines the composition independently of pressure). Eq. (2) then becomes

ou ou 0
rerlor (), % 68) %)
e TK 37/ bk
where p is the pressure and T, is the temperature in K. The pressure is given by

Aplor = peo®r @)

so that eq. (3) can be rearranged to give
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where ¥ is the partial specific volume of the gradient-forming solute,

Diffusion coefficients reported in the literature are usually determined without rotation, at atmospheric pres-
sure, and are defined by

Ji¢ =—D @p/an), ()
where D is the experimental diffusion coefficient, pcl) is the concentration in mass of solute per unit volume of

solution at 1 atm, and the experimental flux J§* is usually measured relative to a coordinate system attached to
the apparatus. Eq. (6) can be written

0
JEX = b aaL, )
©@p°/8p% r

)po'TK

where p® is the atmospheric pressure.

We now assume that the partial specific volumes of the solute, V', and solvent, ¥,, are essentially constant. The
partial specific volume of CsCl in water, for example, varies from ahout 0.24 cm3 /g &. - 28 em?/g in going from in-
finite dilution to saturation at 25°C. Under this assumption it can be shown [28] that the volume-mean velocity
due to diffusion vanishes, so that J| = J{*. Comparing egs. (5) and (7) for no rotation:

K= b ’ at 1 atm. 3)

Au, / 3p0)p_ T (@p/ aﬂ? )P-TK

At equilibrium in a centrifuge, the flux vanishes, and eq. (5) gives

0 1 -V.p
% - ((—__0 L )w?'r. @
o1y 130, g

The quantity in large parentheses in eq. (2) has been tabulated by a number of investigators [10,29] for various
gradient-forming solutes, mainly at atmospheric pressure, and is denoted by Hearst et al. [29] by

e 1 _1-¢-p%

N , (10)
(3u,/30%), 7. BG°,p) 8%

where ﬁo(po) is the value of §at i atm,and | —¢(p — po) is an approximate pressure correction.
We now introduce the approximation that the quantities K, D, 8, and p can be evaluated at atmospheric pressure.
The effect of pressure on § and p for CsCl solutions has been considered by Hearst et al. {29]. Based on their results,

we esti.nate the maximum change of § due to pressure in the cases considered in this work to be several percent. If
we ignore the pressure correction, eq. (5) becomes

Jv = D ( w2r . apﬂ)
v 7).
@p°18p), 1 B°C%

an
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The mass fluxes of components I and 2 are related by

VlJ‘l'+VZJ§=O. a»
The total mass flux J¥ is given by
’v:"f*J;:( __Zi) 0 Do ( ((;22:3 _%e;)' (13)
27307 807), 7y B (PT)
The derivative in the denominator in eq. (13) can be obtained from
Py V) tpaV5 =1, (4
where p, is the conceniration of the solvent, and
p=py +p,, (15)
from which
1 V)
P=T +p, ("ﬁ)‘ (16)
Since the partial specific volumes have been assumed constant, we have at atmospheric pressure
(1] vV
&) 6%
so that
g =D(—“~”l - 2"—’3) (18)
ﬁo(po) or

Since the volume-mean velocity due to diffusion vanishes for constant I}, V5, the law of conservation of mass be-
comes

v 0 2
_g%):___l a(rF’) _1 3 {rD(ap wir )} (19)

r ar ror "_i)T_aO(pO)

We estimate the change of density at the outer periphery of the rotor due to a pressure change resulting from a
complete gradient decay to be less than 1% of that due to composition changes of interest in the present work.
Again using the approximation that the properties can be evaluated at 1 atm

_19 ap° w?r ~
r —;'_ 5; {I'D (~37. —BO(PO))} - ("_0)

Assuming that the system is confined between nonpermeable concentric cylinders, the mass flux vanishes at
both cylinders and we obtain as boundary conditions

3p%/ar = w2r(g0(?), AT =Ty, Ty (1

where Fy, ¥, 2re the radii of the inner and outer cyclinders.
To solve eq. (20) numerically, we choose discrete values of the space and time variables by putting
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r=rg G -4 (an, Ar=(r_,, = T Gimax — 2, (22)
Kk
k= Q (arh, 23)

where the spacial step Ar is constant and the time step arf may be variable. We now replace the partial differential
equation with the finite difference equation

ot -y =L(£-’€' B @R e o G - e
@ak+y P\ (ar?
D’c’}.;.;p (pﬁ_ Pk) 1_1!‘; 1) (D}k.;.l Df_l)@f:ll‘— ,k:ll)
i (an? (2ar)?
L@f -DE DG, - ;‘_1)) W G Dy Iy — ) D IBE .
(2ar)? r 2Ar ’

where p;:‘ =pO(tk, r)), ete.

The difference approximations used in eq. (12) are essentially those of Crank 2nd Nicolson [30], but the dif-
fusion coefficient and the quantity, §, both of which are known as a function of p9, are evaluated at the *““old”
time, £*, to avoid introducing terms which are nonlinear in the unknown p¥*1. As a result, the discretization error;
that i ls the error resulting from the replacement of eq. (20) by eq. (24), is second order in Ar but only first order
in Arf. The boundary conditions, eq. (21), are also replaced by the difference expressions:

kil k1

Py " — Py L2 ( 1 i )
20 i (L (25)
2 1_5 *
ar 5y A
K+ 1 K£+1
Pfmax ~ Pimax—1 —1 2 1 + 1
Ar 29 ax—05 g% gk . (26)
Jmax Jmax—1

Any initial density distribution can be used. Given the density at the “old™ time, 7%, eq. (24) was repeatedly
solved for the density distribution at the “new” time, t**!, until the desired time inferval was covered. The meth-
ad of solution was that of Crank and Nicolson [30}].

For small values of ¢, the density distribution may be nearly discontinuous and change rapidly with 7, while
for large values of £ it is smoother and changes slowly. It was therefore decided to vary the time step, At so as
to use smaller steps initially. The variation in Ar¥ was chosen so that

tF =ar?, @7
It was found that when the value of & was too large, a numerical instability in the form of a bounded but persistent
osciliation occurred.

A value of o = 0.0625 (Ar)? [D 43> where D g, is the diffusivity of the gradient-forming solute at infinite dilution,
was found to be satisfactory and did not lead to such oscillations.

The required value of the radial mesh size, Ar (or equivalently, the number of radial mesh points, f,,,.) depends
on the accuracy required and on the smoothness of the initial density distribution. The most difficulty occurs with
initial density distributions involving a step change in density, especially when the width of the step is a small frac-
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tion of the radial gap of the centrifuge. Comparisons have been made between calculations with j,,, = 102 and
Fmax = 202, using a step width of 10% of the radial gap in the initial density distribution. The comparison indi-
cates that numerical discretization error with j,,., = 102 is less than one part in 103 of the calculated density. If
the initial density distribution had been smooth (e.g., parabolic) a smaller value of j,,, could have been used. If
the initial density distribution had involved a step width of only 1% of the radial gap, a larger value of j,, would
have been needed to maintain the same accuracy.

2.2. A perturbation approximation for band behavior

In this section, a perturbation technique is applied to the Lamm equation for an arbitrary supporting gradient.
The basis of the approximation is the assumption that the band of macromolecules is sufficiently narrow so that
across the width of the band, the sedimentation velocity and diffusivity can be represented at any given time by
polynomials of low degree in the radius. It is important to emphasize that the polynomial approximations need
be vali¢ only locally near the band, and that they may change as the band sediments through the gradient. Because
the polynomials are permitted to change as the band moves, they can be of much lower degree than would be
needed to represent the gradient globally.

Into the Lamm equation [31}

2c_12 dc_
3 rar D aor e , (28)

where ¢ is the concentration of macromolecules in the band, £ is time, r is the radial distance from the axis of ro-
tation, and the macromotlecular diffusivity D and sedimentation velocity » are taken to be functions of r and ¢ but
not of ¢, we introduce the trapsformation

$=[r—a(®)] b(z)e, (29)
C, 1) =a(?) b() c(r, 1), (30)

where the origin of the {-coordinate system a(¢) will be chosen to move along with the mean radius of the sedi-
menting band, and b(r) is a reciprocal band width scaling function. Both a(r) and b(¢) will be defined precisely
later. The new concentration variable C has been modified to include radia dilution, and to include concentra-
tion changes which must accompany a change in band width. The constant € has been introduced for convenience
in the perturbation analysis. If & is of order urity, and ¢ varies from ~1 to +1 across the band, then the magnitude
of e is of the order of the band width, and e will be considered a “small” parameter. The introduction of both
£(2) and € as band width parameters is redundant since the value of € can be incorporated into b(f). This will be
done after the perturbation analysis is carried out.

Transforming eq. (28):

ac _ - b2 32C (aD D )b .b b _blac v .z l';)
S _p&i o (HL.D N2 52,0 2100 (v _dv.2 D). 31
or DEZ ar2 [ar P PR T +( r"ara ) Gb
where&=:da/dtandi)=db/dt.
We now express pfr and Dfr in Taylor series about the radius a(¢)
vfr=¢° EO v, [r—a@®]" = EO v, (€216 ¢, (32)
n= n=

Dir=¢" =Eo Dy [r—a(@)}”® = §, D, (7 1B™ME", G3)
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where the coefficients v, and D, are understood to be functions of time, and the factors €® and € are introduced
for scaling purposes and will be discussed later. The expansions {(32) and (33) necd be valid only across the width
of the band where the macromolecular concentration C differs significantly from zevo. (Evidently, the band can-
not include the axis of the centrifuge.) From egs. (32) and (33) the following series can be obtained

v= nija v, (1ot ly et 4 ,,é v, (€7 6M) L, (G2
au/aran:;‘ vy (1O (n + D" +a”§ ny, (e™*o-ljgn-1ygn-1, 35)
DS”Z:% D, (1 rppntiyenrl +gn§ D, (™7™ £1, (6)
aD/ar = nz:% (n+ DD, (""" +a ’12:;; nD, (en*v-1/pn-1)¢n-1, (€¥))

The concentration is also expanded in a perturbation series

&, 0= L1 "G5, ). G8)

n=
Substituting eqs. (32) through (38) into eq. (31), and rearranging the summations to collect powers of g,
o fod f+1 v
! - 4 1—a pu+l o2 2

!4:1, dagar= 2 e ,Z% Dbl gl a2, o jat

o3 I+2—p s I+l-v
! - 2 2 1 1—
o I—v+-2 s iI—g
ta 27 & X mp bt A0, .. (38— 20 & 20 vopT et ac,_,  f3t

I=p--2 n=0 I=¢ n=0

o H+l1-~0 o

—a 2 n{% 0ab T E 0C 05+ 23 &l i 3G, far — 21 & by £ ag /o

o oy, o f—a+l
{ -1 pn I . 1—n st}
+IZ @ la-p1h)cC,. G9
=g

There are physically attainable situations in which the propagation of a band is governed almost entirely by
diffusion with only a slight correction due to sedimentation, and vice versa. Corresponding to these situations it
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is possible, by appropriate choice of the scaling parameters » and o, to abiain equations for C; in which the sedi-
mentation affects anly the higher order perturbations and not the dominant term Cy-etc. In the present work,
the objective is to include both diffusion and sedimentation in the dominant term C,,. This is achieved by the
choice v = 1, 6 = 0. Then, equating the coefficients of ™! in eq. (39)

(—augh +ab) aCy/35 = 0. 40)
Eq. (40) is satisfied by choosing
a= avqn (41)

with 2(0) equal to the mean starting radius of the band, which causes the origin of the {-coordinate system to trans-
late along with a sedimenting pasticle.
Equating the coefficients of . 1>0and using eq. (41)

ac, 3¢, - aG; . d a’c
— z {1 = 2—n - -1
5~ %D, pye t b hvug van ) §5p H b7 brug vau ] G —"?;71 (D,_, +AD,) B> %" o
2—n n-1 —r ezl 3G n
+in+ VD, +AD b7 (v, tay, BTN 3¢
+{—(n +2}unw(n%l}aun+llb"“§“Cl_”}. «2)

Eq. (42) determines the concentration perturbation C,. It is to be solved sequentially for the values of [ of interest,
starting with I = 0. Then the right-hand side of eq. (42) is always a known function. For I =0 the right-hand side
vanishes, The band width scaling function 5(r) is still undefined and can be chosen in various ways to simplify
eq. (42).

Initial and boundary conditions are needed for eq. (42). At r = 0, the starting concentration profile may be re-
presented exactly (or to the desired degree of precision) by the first term in the perturbation series, so that

€&, 0) = a(0) 5(0) c(r, 0), @3)

C=0, [>1. 44)

To provide boundary conditions, the band is assumed to be localized so that the macromolecular concentration be- '
comes negligible before a wall of the centrifuge is reached. The {-coordinate system is then extended to £ o, and

C,(f,t)*o as ¢->%eo [0, (45)
£or numerical calculations to be presented later in this paper, the following equations for v, D were used:

i v f2) 7'\‘—,9
v=_S w?r ( o ) =0
20w - VP’ 7

, (46)

where ¢ is the angular velocity of the centrifuge, V is the partial specific volume of the macromolecule, g, 17 are
the local instantaneous density and viscosity of the gradient solution, Pop.w> Map,w 2te the density and viscosity of
water at 20°C, and Sq., is the sedimentation velacity in water at 20°C and unit acceleration. The gradient proper-
ties p, i are functions of r, . Variations in Vm have not been considered. Viscosity and temperature corrections
weze applied to the diffusivity:

T \n
_ K 0w
D= Dz,}’w (59—5) i @n
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where Ty is the temperature in kelvin and D,y , is the diffusivity in water at 20°C.

The perturbation parameter € of eq. (38) is no longer needed and will be set equal to one for the remainder of
this work.

2.3, An errar function solution

Several methods of obtaining solutions to eq. (42) have been investigated. In this section, solutions in terms of
repeated integrals of the error function are considered.
We define b(r) by the differential equation

b= —bvy — bav, “8)
with b((Q) equal to the reciprocal of the starting band width, and also introduce a new time variable T defined by

T =ab’D,,. (“9)
Then eq. (42) becomes

2 ? 2
ac, a°C _ E I 9°C;_
EY ) z —ytabp) = 2
T a2 ab’py b 3%

fh_l gﬂ*‘l aC,_n 1
([(ﬂ + I)Dﬂ 1 +anD ] —-(U +av .-;.l) ) as. + {_—(n + 2}0 “(n‘{- l)avn—(-ll l! l_n}

o)
The starting concentration profide is most conveniently idealized by a rectangular shape
er,0) = 0, r<ay-- wf2.
= 0, a, —wl2<r<ay+wf2,
= g, ag + wfz<r. E1))
or a triangular shape such as used, for example, by Eikenberry et al. [32]
or,0) = 0, r<ag— w3,
= F - (@ —ag)w]cl, a. —wf3 <r<agy+2w/3,
=0, 2, + 2w/3<r, (52)

where w is the starting band width, 2, = a(0) is the band center starting radius, and ¢, is the maximum starting con-
centration. {In eq. (52), the band center radius ¢, has been chosen to be the radius of the centroid of the tdangle.]
We consider a generalization of these profiles in which the starting conceniration is assumed to be represented by a
piecewise polynomial function, i.e., the profile is made up of a finite number of segments, with a different poly-
nomial concentraticn distribution in each segment. Such a function can be written as a finite sum of the form

J
.0 =21 aRy, ¢~ ~ &), (53)

where o, k’. and Ei are constants (!cl. a nonnegative integer), and R is a generalized ramp function defined by
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Ry = (=¥, x <0,
=0, x>0, (54)
For example, the triangular band given in eq. (52) can be written in terms of ramp functions as
CO Co
or,0) = R, (r—ay—2w/3) _W'R 1 (r—ag +w[3) —cyR, (r — g +w/3). (55)

The initial condition for C,, corresponding to eq. (53) is

J J
—k;
Col§:0)=a(0) 6(0) 24 o5 Ry, K16(0) — &1 =a(®) b(©) 21 ey (6O TR [~ 56O (56.57)

For the case I = 0, eq. (50) reduces to the diffusion equation
3C,faT = 3*Cy/a5>. (58)

Since eq. (58) is linear it can be solved for the initial condition eq. (57) term by term. The solution of eq. (58)
satisfying the initial condition for a typical term of the form

Co.O)=R -5 (59)
is given by (as may be verified by direct substitution)

Colt, TI =4 Kt ATH2 % extc (f E), (60)

where i¥ erfc(x) is the kth repeated integral of the complementary etror function, i.e.,
i1 erfc(x) = (2/7) exp (—x2), (61)
i? exfc(x) = erfc (x) = . f A7) exp (—y?) dy, k=0, (62)

x
k erfc(x) = f i*~1 erfc (v) dy, k=0. (63)
x

Tables and some properties of the function i% erfc (x) are given by Abramowitz and Stegun [33]. One property
which will be needed Iater is the recurrence relation

&if erfe () = —x -1 erfe(x) +1 k-2 erfe(x), 64)

which can also be applied repeatedly to evaluate i i* erfc(x) by starting with eqs. {(61) and (62).
The solution of eq. (58) for the initial condition eq. (57) is then given by

J
Col®, T)=a(0) 6(0) Z3 % (&t 15(0)1 ™ fa71 4P erte 116 — @) b — 550 VAT, (65)

where z, b, and T are functions of time defined by the ordinary differential eqs. (41), (48) and (49). Eq. (65) satis-
fies the boundary conditions eq. (45) provided the initial concentration satisfies those conditions.

Eq. (65) gives the lowest order term of the perturbation series. To find the next higher order correction, we put
{=1ineq. (50)
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L t__1 D, +aD biz—c—0+ (@D, +aD) Yo — (v, + )b-lgzl—a—ci
8T~ a¢2 _abng((o 1)§a§2 @D, 10— Wy Ty N RS

+(~3v; ~ 2a,) b7} ;co). (66)

Eq. (65) for C) zan now be substituted into eq. (66) to evaluate the right-hand side. The substitution involves dif-
ferentiation with respect to ¢, and multiplication by a power of ¢. The derivative of the function i¥ erfc can be ob-
tained by differentiating eq. (63)

F L erfo() = — & ik erfeo)], k>0, 67)

however, values of & less than minus one can occur, so it is convenient to extend the definition of ik erfc to arbi-
trary negative values of k by using eq. (67) as the definition, starting at & = 0. The resulting functions can be ex-
pressed in terms of Hermite polynomials and will be referred to again in the next section. The recurrence relation
eq. (64) remains valid for arbitrary negative values of k. Eq. (67) makes it possible to express the derivatives occur-
ring in eq. (66) in terms of the function i¥ erfc multiplied by some function of time. By using eq. (64), the same
can be done for multiplication by ¢, for example, for a typical term

(i erte (£525O) ) . \/ﬁ(f — sb(O)) & ofe (r - sb(O)) + £ b(0) i¥ exfe (t - :sb(O))

VAT /AT AT VAT
= k41 f—’éb(o)) 1 &~ 1 i’—Eb(O)) -k § —£6(0)
K+ 1D\ATi" erfc (_74=T=— 3 V4Ti erfc JAT + £ 86(0) i erfc JaT . (68)
The right-hand size of eq. (66) can then be expressed as a series of terms each of the form
-k §— ’éb(O))
AD)i" erfc ( Jar )’ (69)
where f(T) is some function of T.
Since eq. (66) is linear it can be solved term by term. The typical equation
ac, _ d*c
-0 ok ¢~ Eb(O))
aT a2 ()it erfc ( AT (70)
has a solution (as may be verified by direct substitution)
_ & {— Eb(O))
C; &, 1) =g(T)i erfc( 74T ) an
where g{T) is given by the ordinary differential equation
g k 3
T~ 57 g=fT), with g(0) = 0. d2)

The solution of eq. (72) is

T
gn=1*2 [ T2 7(1) ar. (73)
0
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A detailed examination of the integrals needed for a complete solution of eq. (66) reveals that, regardless of the
number of terms of the series of eq. (65), at most eight integrals of the type in eq. (73) are needed. They are

T p(D, +aD,) T D, +aD,) T b(2D, +aD.)
[1('1')=f___0_._.._.1_d7', [-,(T)=f—~9—7———§~—l"dT, [3(7):],__‘_)__.___‘...(11',
&  ab’D, 7§ ab’D o ab’Dy
Ty, + a Ty, +av Tu. +au

r(n=[-—2ar 1(n= [ 2—-2 Tar, (M= [ 12 12T
“+ 3 5 bi 2
0 826D, 0 bab"Dy o0 bab°D,
3v, +2av 3y, + 2
1 2 1 2 ...
= [ S dT, M= { T6T, (74)
b bab?D, bab~D

In terms of thé integrals given above, the complete solution of eq. (66) is

J
C, &, T)=a(0) (0) er o, [6(0)] —kj &) {[k (R + DIy + (& + D] {@an&Fne
=

kel ;. - 'E‘b(o) ;- . E-b(O)
¥il ' erfc \/‘é? ) + [— Zk}ab(o)f — &, 5(0)171 (41‘)&1/2 .lc] ( ;T )
e . ¢ — 33 B(0)
by DLy~ Iy 2 + RO, ~ 0] (eI e (O
i 233 i3 —E.5(0
+ 5O, +456O] @D e (T2
ki—3)2 k-3 s — §:5(0)
@y +at) @nET I 3 e (_ﬂ%w) , )

The same procedure used above to obtain C, can be carried out to obtain C; for higher values of /, but the com-
plexity of the solutions grows rapidly, and the process will not be carried further here. With the zeroth and first
order perturbation, the concentration becomes

_ 1
0= ivye oD+ CE DL (76)

2.4, An eigenfunction solution

In this section an alternative method of solution for eq. (42) is presented in the form of an infinite series of
eigenfunctions.

If the band width scaling function b(¢) is defined by the differential equation
b = —b(vy +av; + 2252Dy) an
and the new time variable is again defined by
T=ab’D, (78)
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€q. (42) takes the form
3G 3t *q 3¢ 2

! a%q
4 2-n gn l-n
T I R o Z,; { L

3C,_,,
+{[(n+1)D,_; +anD ] B> L@, tav, )67 ") T

— [0+ 20, — (% Dy ] 57 c,.‘,,}. 9

For the case I = 0, when the right-hand side banishes, eq. (79) can be solved by separation of variables. The solu-
tion obtained is of the form

Co& D= s A, (1) 4,,4). ©0)

where

l!l = gy 47 g2 ——— H,_ Q) 81
H,_ (%) is the Hermite polynomial of order m
Agm() = Agm(@ e 2. ®2)

Ag,,(0) is the coefficient of the expansion of the starting concentration CO(Q‘ 0) in terms of the functions ¢/, ).
The denominator of eq. (81) is the usual normalization factor for Hermite functions. To avoid the repeated
appearance of this factor in later equations, we define

M @) = e H,, Q). @3)
Va2 mt

Thne functions m(;) satisfy the weighted orthogonality condition

I

[ & u®u@ =0, m=a 84)

= 1, n=um,
so that the series expansion coefficients can be obtained from the equation

Apm@= [ & 4, ©) Co&,0) & (85)

Numerical experiments, however, indicate that the use of a truncated series obfained in this way is not a very ef-
ficient method of reprzsenting a function. For example, for the function

L | —f,<E<i,
0, \gp<t @6)

i

if
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the series expansion is satisfactory for {; on the order of unity or less, but when §g is larger, the Gibbs oscilla-
tions which originate at the discontinuities tend to be amplified strongly near { = 0, in some cases becoming orders
of magnitude greater than the function itself. This difficulty appears to result from the weighting function 52 in
eq. (84), which greatly emphasizas large values of { at the expense of the range near { = 0.

To obtain a more efficient truncated series expansian, the following indirect method has been used. A new
variable

Z=4/2¢ 87

is introduced, and the initial concentration is expanded in a series of Hermite orthogonal functions
C.(Z]2,0)= i B,_® (2) where ®,_(Z) = e“zzl2 k_(Z) (88)
o * me=p m m ? € ®m m :

The functions @m(Z) satisfy the unweighted orthogonality relation

[

J @2 (2)dz =0, m=*n,

=1, n=m, {(89)

so that difficulties associated with a wide variation in weight are avoided, and
B, = [ 2,(2)C, (N2, 0)dz (90)

A truncated series of the form of eq. (88) can then be written in terms of § as
M .
Co& 0~ 2r B e 5 b (JIE) (o1)

m=0

2
The right-hand side of eq. (91) has the form of ™% times a polynomial in ¢ of degree M. Any such function can
be written exactly in the form
ar , A . M
2 B S 6T = 234,067 1, 6) = 23 Ay (©) ,,@)- ©2)

Thus tae truncated expansion in Hermite orthogonal functions, eq. (91) can be rearranged without further approxi-
mation into the desired form of eq. (92). The rearrangement is most conveniently carried out by making use cf the
orthogonality properties and the integral result

if 722 mand Gz — m)

T oo pyla—-myi2 1j2
Km,,,(ll) = f 2 R () B (2) P & = Q)Y (w~ 1) ! ) i :
o is even,

202 [ — )21 7!

=0, otherwise, 93)

which can be obtained from the contour integral representation of the Hermite polynomials [33]. The coefficients
Ag,,,(0) and B, are then related by
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Ay (@)= HZJ) K, 2B, ©9

Eq. (80) then gives the eigenfunction form of the solution for Co & 7).
For higher order perturbations we seek a solution of the same form

& D= L1 A4, (D) ¥, 6), 95)

where ¢, ({) is again given by eq. (64), but 4 (7T) is now an arbitrary function of 7, not necessarily of the form
of eq. (82). An ordinary differential equation for 4, (7) can be obtained, making use of the orthogonality of the
¥,,(§), by substituting eq. (95) into eq. (79), multiplying by
2
e W @) =he (§) (96)

and integrating from —oo to o, After some integration by parts the following equation is obtained

da !

K - _ _
FrzkA&='§ {62~"[D,_, +aD,} D2 ¢! — 6>~ "[(n+ 1)D,_, +anD,] D, ¢!

+b_”(un +av, ) Dy ¢Z+l —b7" [(n +du, +(n+ l)avn+1] ¢Z}Al—n,k’ I

where ¢, and D, are operators, which act on a sequence of expansion coefficients, defined by

OV =V(k+1)2 Vieg YVK2V,_,, DV =2V, _,, (98,99)
and superscripts on @ or D, indicate repeated application of the operator. Eq. (98) is based on the recurrence re-
lation for normalized Hermite polynomials

Eh @) =VEF D2k, €)+VEIZh, }) (100)

and ¢, is simply the operator which, when applied to the series expansion coefficients, corresponds to multiplying
the series by {. Similarly D, is the differentiation operator based on

dﬁg“’ =2k Ry, ©). (101)
To match the initial condition eq. (44) we have
A,(0)=0 forl=1. (102)
If the zeroth-order series is truncated at M terms so that
Ay =0, for &> M and T >0, (103)
then it follows from eq. (97) that
A1, =0, fork>M+3and T=>0, (104)

Ay =0, fork>M+ 7 and T>0, (105)
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etc. That is, each of the higher order series involves only a finite number of terms, and no further truncation need
be carrizd out. This is useful because of the difficulties associated with truncation discussed earlier.

Eq. (97) involves one ordinary differential equation for each non-zero term of the series eq. (95). For the case
I =1, the solution of these equations can be reduced to at most eight integrations by the substitution

A4, D=Y,De >, A, (N)=Y,, (D) 2T (106)
For =1, eq. (97) then reduces to

d
Sm o L ([en+ ) G DB o) +avy) e 2T — ST DE S G, + 20, e~ ¥,
T dsz e+

0

+ [(m + 1)/2m b(Dyy +aD|)e? T —/3m b(2D,, +aD )T + 2m + 1)Vm3 b~ (v, + av,)e?T
—m267! Qv +2av,) e27] Yo,m_y

+[VZm(m = D) —2)bOg +aD) T +/mGn— D)(m— 21257 (o +av,)e8T] ¥, 3}

(107)

Eq. (107) can be integrated directly and, in view of eq. {82), the quantities Y, o,m 2re all constants_ The eight inte-
grals needed are

Tb(D +aD ) T oD, +aD ) I'b(2D, +aD,)
abZDO 0 ab? D0 h ab“D
Ty +av Ty +av Ty
1 2 2 2
TN = [ ——= e ?4r, I (= [ ———=eTdr, J(T) = [ =2 eSTar,
0 bab°D 0 bab"Dy 0 bab“Dg,
T 3u, + 200 T 3v, +2av,
Im= [~ —2e2ar, s(N= [ ———2Tqr. (108)
0 bab"D, o bab> Dy

In terms of the above integrals, the solution of eq. (79) forI=11is

cl(;,n=m§0 {lm + 2)m = 1)/2J, - = 1)/2J,] Ag . ©)

+[n + ONSInd | —Imdy +@m+ DNm2 T —~/miZ 1 Ag ,,_,(0)

+WV2m@n —1)(n = 2)J, +m(m - (- 2)12J] 4, 3O} e2mTe~t"p (5).  (109)

The above processes can be applied to higher values of 7, but will not be carried further here.

When the gradient concentration profile is known as a function of radius and time, the determination of the
radius of the band center requires the evaluation of one integral to solve eq. (41). If two additional integrals are
evaluated [to solve eqs. (48) and (49) or egs. (77) and (78)], the zeroth approximation to the band shape can be
calculated. If eight additional integrals are evaluated, the / = | approximation can be calculated.

In some simple cases, the equations can be solved or the integrals evaluated analyticaily. This can be done, for
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example, in the case considered by Schumaker [34] and by Baldwin and Schooter [19]. They let
v=FE+Fr, D=¢C,

where E, F| G are constants.
Then the solution of eqs. (41), (48), (49) becomes

a(r) = [a(0) + E/F} ef* — E/F, (110)
()= by e ¥, aip
)= — [Gh>(0)/2F] (e~ 2FF — 1). (112)

Bgs. (110), (111), (112) can be substituted into eq. (65) to obtain the zeroth approximation to the band shape for
any starting band. Eq. (74) can also be evaluated analytically in this case to obtain the first order appreximation,

In complicated cases where the gradient must be evaluated numerically, numerical evaluation of the integrals
needed for a band calculation is also necessary. A computer program has therefore been written to calculate the
evolution of the gradient according to eq, (24), and at the same time, to evaluate the integrals needed to determine
the band propagation. The program uses eq. (65) for the zeroth approximation and eq. (109) for the first order ap-
proximation.

2.5. Gradient solution properties

Calculation of the transient diffusion and sedimentation of the gradient-forming solute as described above re-
quires that the diffusivity and 8¢ be known at every concentration in the centrifuge. Calculation of the sedimenta-
tion of a particle requires knowledge of the viscosity and density of the gradient-forming solution. All of the above
quantities depend on the composition of the gradient-forming solution, which we characterize in this section by
the mass fraction W (grams of gradient-forming solute per gram of solution). To describe a solute, four functions
must be defined:

W, T), D(W, T), B(W, T), and (W, T)

In most cases these functions have been obtained by fitting a polynomial or other simple function by the methad
of least squares, to data found in the literature. The accuracy of the data is usually not definitely known, and
varies widely from property and from investigator to investigator. To give some indication of the error involved,
the standard deviation of the data from the least-squares function is given in table 2. Certainly the accuracy of the
present functions is no better than the reported standard deviation, and it could be much worse if the data were
smoothed by the original investigator, ur if they contain some systematic (non-random) error.

Six gradient-forming solutes are considered: CsCl, sucrose, KBr, NaBr, K, tartrate, and K citrate. For the last
four solutes, properties have been correlated only at 25°C. Since it is sometimes necessary to carry out centrifuga-
tion below room temperature, properties of CsCl and sucrose have been correlated as a function of temperature as
well as concentration, and are considered usable (with some loss of accuracy) over a range of approximately
30°C= T=>0°C.

In the present work, it was decided that the effect of pressure on the above properties could be neglected with-
out an unacceptable error, and only properties at | atm have been considered. Some indication of the effect of
pressure is available from the work of Hearst et al. [29].

Since the mass fraction was adopted as a measure of concentration in the correlation of properties, the defini-
tion of g0 was used in the form:

IRT, V3 . 2 -1
g0 =—_K { L, (a U ”’) a-w (ﬂ) (113)
M W(l — w) oW )11 aom W) 1,1 aom
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where R is the gas law constant, Ty is the absolute temperature in kelvin, ¥ is the specific volume of the gradient-
forming solute, -y is the molar activity coefficient and M is the molecular weight of the gradient-forming solute.
For 1:1 electrolytes, In ¥ is a smooth function of \/ﬁ’, SO

diny_ I dlny
W R™W avwy (114)

Numerical differentiation was carried out in most cases by fitting a 3rd degree polynosmial by the method of least
squares to 5 consecutive points of (In v, VW).

For K, tartrate and K;citrate, the available activity data do not extend to a sufficiently low concentration to
show the expected asymptotic behavior as W —~ 0, and no attempt was made to impose such a behavior on the
data.

Table 1 shows the source and range of the data, and the standard deviation of the data from the correlation. A
discussion of some special cases follows.

Activity coefficients for CsCl solutions have been reported by Harned and Schupp {351, Robinson and Stokes
[36], Caramazza [37], and Robinson [38]. Hamed and Schupp, and Caramazza, used reversibie cell emf measure-
ments and their results agree closely with one another. Robinson and Stokes, and Robinson, used isopiestic measure-
ments and their results also agree clasely with one another. Unfortunately there is a divergence of the elecirometric
results from the isopiestic results at high concentrations. The cause of the discrepar:cy is not known, nor is it clear
which results are most accurate. (Direct measurements of 9 in a centrifuge by Ifft et al. [39) agree best with the
isopiestic activities. It is not known, however, whether the centrifuge measurements are sufficiently accurate to be
considered decisive in this case.) In the present work, the activity data of Caramazza have been used to calculate
B0, primarily because of the wide range of temperatures included. The values of p" obtained in this way deviate
by as much as 15% from the values based on isopiestic activities reported by earlier investigators {10,29].

Diffusion coefficients for CsCl solutions were available only at 25°C. These values were adjusted for other tem-
peratures using the equation of Gordon [40}.

Activity coefficients for sucrose solutions were available only at 25°C. Heat of dilution data were available down
to 12°C, and were used to adjust the activity coefficients to other temperatures. The heat of dilution data appeared
to scatter appreciably, however, so the correction was considered suspect. An attempt was therefore made to cal-
culate the osmotic pressure at 30°C and 0°C. The values thus obtained agreed with those reported by Berkeley et
al. [41] within about 0.3%, up to a sucrose molality of 3.

Diffusion coefficients for sucrose were found uver the range of 1 to 70°C and 0—70 wt%, but below room tem-
perature, the only data were for very dilute solutions. All data were fit by least squares to a single equation using
a parabolic dependence on mass fraction, and a dependence on temperature in the form of Antoine’s equation
(42]. The net efiect of this procedure is that diffusicn coefficients at low temperatures, and intermediate to high
concentrations, are obtained by extrapolation of the higher temperature data using Antoine’s equation {421].

The activity data reported by McDonald and Hsu [43] and used in the present work were not obtained by di-
rect measurement, but rather were calculated from measured diffusion coefficients using an equation similar to
Gordon’s equation.

The experimental K, tartrate density values of Martignoni [44] covered only a narrow range of concentration
from 38 10 46% tartrate. Densities between 0 and 38% were obtained by interpolation. Because of the very wide
gap between O and 38%, the data were first converted into p vs ¢ (gms K, tartrate/cc solution). A plot of these
variables usually results in 2 more nearly straight line than other methods of correlation. A least-squares polynomial
was fit to the p vs ¢ data, and the results were then converted back to the form W(p) needed in the present work.

In the case of Kycitrate and K, tartrate, data for most properties were available only at 5 concentrations. In
these cases an equation was fit exactly to all 5 points, so that no standard deviation estimate was obtained.

The thermodynamic parameter §0 has been calculated and tabulated by a number of investigators. Comparison
of the values obtained with the present work is discussed below.

For CsCl the comparison has already been mentioned.
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Table 1
Gradient-forming solute properties
Property Source Range of data Std. deviation
CsCl
density ICT [45] 0°C< T=<30°C 0<W=<0865 =0.00006 wt.
fraction units
viscosity Lyons and Riley {461, Gmellins Handbaok {47] 0°C<T<50°C 0<W<063 =2%
(@ Invy/a\/V)Tp _ Caramazza [37] C°C<T<35°C 0<W<05 + 0.15 out of
~ 3.6 maximum
diffusivity Robinson and Stokes [48]) T=25C 0<sW<057 =04%
(see text for temperature correction)
Sucrose
density Barber {49} 0°C<T=<30°C 0< W<0.60 =0.04%density
viscosity Barber (49} 0°C<T<30°C O0<W<060 =03%
activity Robinson and Stokes [48], Hunter [50] 12°C< T<30°C 0K W<0.60 0.6% maximum
(verified down to 0°C) deviation at 25°C.
Unknown at other
temperatures
diffusivity English and Dole [51], Gosting and Morris {52], 1°C< T < 70°C 0<W<070 =+£2%
Henrion [53], Gladden and Dole [54] (but no data below room temperature
when W > 0.05)
KB:
density ICT [45] T=25°C 0< W<0.40 < 0.00005 mass
fraction units
viscosity Landolt—Bornstein [55] T=25°C 0= W<040 =0.2%
@In 7/3\/W)T,p Robinson and Stokes {48] T=25°C 0< W< 040 £ 0.02 units out of
a maximum of 3
diffusivity Robinson and Stokes [48] T=25°C 0<W<0.36 +03%
NaBr
density Adams and Schumaker {56} T=125°C 0<W=<048 (0.00004 mass
fraction units
viscosity Adams and Schumaker {56} T=25°C 0< W< (048 the original data
are reported to be
reproducible with-
in + 0.2%
activity Robinson and Stokes (48], Penciner and T=25°C 0<W<0.50 =0.005outofa
Marcus {57} maximum of 0.6
before differen-
tiation
diffusivity Robinson and Stokes (48] T=125°C 0<W=0.22 =x0.6%
Kjcitrate
density Barber [58] =25°C 0< W=<0.56 indeterminate
viscosity McDonald and Hsu {43} T=25°C 0<W<0.50 indeterminate
activity McDorzld and Hsu [43] =125°C 0<W<0.59 indeterminate
diffusivity McDonald and Hsu (43] T=25°C 0<W<0,50 indeterminate
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Table 1 conrinued

Property Source Range of data Std. deviation
Katartrate
density Martignoni {44} T=15°C 0.38< W< 046 =+ 0.00015 mass
fraction units
viscosity McDonald and Hsu {43] T=125C 0< W=<0.50 indeterminate
activity McDonzld and Hsu [43] T=25C 0< W=<0.50 indeterminate
diffusivity McDonald and Hsu [43) T=25°C 0<W<0.50 indeterminate

For sucrose at 25°C, 0 has been calculated by Ifft, Voet, and Vinograd {11], Trautman [10], and McEwen [12],
and a graph comparing the results has been presented by McEwen. All results appear to be consistent, and the values
obtained in the present work, fall generally within the scatter band of previous results.

For KBr at 25°C, 80 has been calculated by Ifft, Voet, and Vinograd {11}, and by 1fft, Martin, and Kinzie [39].
The results agree well at lower concentration but deviate somewhat as the concentration is increased. Results of
the present work agree much better with those of Ifft, Voet, and Vinograd despite the fact that the numericat ana-
1ysis used (numerical differentiation by least squares polynomials) is more nearly similar to that of Ifft, Martin, and

Kinzie.

For NaBr at 25°C, values of 89 agree well with those of Ifft, Martin, and Kinzie [39] except at the highest con-

centraton where a difference of about 8% accurs.

3. Comparison of simulated and physical results

This simulation methodology in the form of the
computer program DIFSED has been used to evalu-
ate and design separation protocols for zonal centrif-
ugation. Selected examples from these studies which
compare experimental and calculated results are used
to assess the utility of this simulation method.

3.1. Lipoprotein flotation on a diffusion gradient
Separation of plasma lipoproteins in zonal rotors
was first reported by Heimberg [59] and by Wilcox
and Heimberg [60]. At that time, we set out to opti-
mize these separations and consequently initiated de-
velopment of this simulation method [61].

3.1 L. Materials and methods

Cesium chloride (99%) was obtained from Kawecki
Berylco Industiies, Inc., and purified before use by
the method of Wright, Pappas, Carter, and Weber [62].
Sodium and potassium bromide were analytical re-
agent grade (Baker Chemical Co.). Human plasma
was recovered from one unit of freshly drawn blood
collected in ACD anticoagulant (kindly supplied by

IN. Brantley), and held at 4° under sterile conditions.
All separations and analyses were performed with this
sample to provide internal consistency in comparing
simulated and experimental results. The “lipoprotein
fraction™ sample for zonal centrifugation containing
those proteins with solvated density less than 1.20 g/cm3,
was prepared by diluting an aliquot of the above plasma
[with 55% w/w CsCI, 0.01 M tris-HCI (pH 7.6),

0.005 M EDTA] to a density of 1.20 g/cm3 neglecting
protein. This solution was centrifuged in polycarbonate
tubes at 50000 rpm and 20° in a Beckman Ti-50 angle-
head rotor for 18 hrs. The top 2 ml from each tube
were removed by gentle suction and pooled. For ana-
Iytical ultracentrifugation, the various lipoprotein frac-
tions were isolated from the whole plasma by sequen-
tial centrifugation [63].

Zonal centrifugation was in a titanium B-XV rotor
{64] in a Beckman L-ZU centrifuge at 25 + 2°_The
rotor contenis were eluted through a spectrophotom-
eter flow cell monitored at 280 nm and collected in
40-ml fractions. The density of these fractions was de-
termined either with a specific gravity digital recorder
[65] for KBr, or with a refractometer (Bausch and
Lomb, Abbe-3L) for CsCl. The equation of Ifft, Martin,
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and Kinzie [39] related density to refractive index of
ZsCl solutions.

Sample band width expansion due to rotor loading/
unloading and to anomalous zone broadening or drop-
fet formation [66—70] was estimated by the follow-
ing experiment: Into the rotor spinning at 1700 rpm,
were introduced in order through the edge line:

1600 m! 0.05 M tris-HCl (pH 7.0); 33 ml sample

{40 mg/ml bovine serum albumin (BSA), 0.05 M tris-
HCI (pH 7.0); CsCl to a density of 1.20 gfcm3];

1850 ml cushion [0.05 M ¢ris-HCl (pH 7.0), CsCl to

a density of 1.50 g/fcm?]. The sample and 250 mi of
the dense CsCl solution were metered into the rotor
at 10 ml/min by a roller-tubing pump, then the re-
main:.ag 1600 mi of dense solution was used to dis-
place the rotor contents at 40 ml/min through a spec-
trophotometer flow cell in the rotor core line.

Analytical centrifugation was in a Beckman model
E centrifuge using the schlieren optxcal system and
the photoelectric scanner. Values of w?t were ob-
tained from a Beckman integrator attached to the
photoelectronic speed control. Flotation occurred at
25 +0.5° in NaCl (1.063 g/cm3) or NaBr (1.21 g/em3).
Flotation coefficients were calculated from the minima
of the schlieren curve or from the boundary half-height
on the integral trace from the scanner, with the excep-
tion of the VLDL¥ where three flotation coefficients
were calculated (from the leading and trailing edges of

the boundary, and from the half height) in an attempt
to define the range of flotation coefficients among
the VLDL. The scanner output was a 25 X 30 cm plot
by a Hewlett—Packard XY recorder.

The physical parameters used to simulate the zonal
flotation of various particles (table 2) were obtained
from the following sources.

Lipoproteins: Flotation coefficients were measured
on fractions obtained by sequential density fractiona-
tion [63]The light absorbance at 280 nm of these
fractions; corrected for dilution, was used to describe
tlie concentration of each particle species in whole
plasma or in the lipoprotein fraction. Diffusion coef-
ficients were calculated from the experimentally de-
termined flotation coefficients and the particle den-
sities, assuming a spherical shape; then checked in the
case of the LDL and HDL by a second calculation em-
ploying the particle density and molecular weight [56,
71l

Plasma proteins: The denser plasma proteins were
represented by three particle classes: serum albumin,
fibrinogen + y-globulins, and orosomucoid + ¢ -
antitrypsin. The use of compaosite particle classes was

¥ Abbreviations used: VLDL, very low density lipoprotein,
p<1.019g !cm LDL, low density lipoprotein, p = 1,019~
1.063 g/cm s HDL, high density lxpopmtem. HDL, p=
1.093 g/fcm®, HDL; o = 1.148 gfem>.

Table 2
Physical constants of simulated plasma components
Particle Sedimentation Density Diffusion Concentration (4350 1m)
coefficient (e} cm> ) coefficient
(Svedbergs) (Ficks) ACD-plasma Lipaprotein fraction
p< 1.2 glcm3)
VLDL — 160 2} 0.95 0.8 0.3 i1
— goal 0.97 1.0 0.3 1.1
—~ 203 0.99 1.6 0.3 1.1
LDL - 6.603) 1.036 2.2 1.32 5.00
HDL, -~ 394Db) 1.093 a.1 0.59 2.22
HDL3 —~ 2720} 1.149 5.4 0.96 3.61
Uric acid 0.25¢) 1.41 60 2.88 1.99
Orosomucoid o -antitrypsin 3.35¢) 1.534 5.21 2.62 —
Albumin 4.60¢) 1.364 6.10 20.2 -
Fibrinogen y-globulin 7.02°©) 1.358 3.66 21.6 -

2) S¢ 10220 O Froare 520, w-
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an attempt to aceount for the majority of plasma pro-
tein mass while remaining within the limited aumbex
of particles species that could be treated by the com-
puier progiam. The physical properties of these par-

ticles were obtained from literature compilations {72,73]).

Concentration values used were avesage male levels, con-
verted to absorbance at 280 nm by absorptivity values
from the literatuge [72,74]. In the case of the fibrinogen
+ vy-globulins and the orosomucoid + a-antitrypsia com-
posite particle classes, the values used to simulate the
particle class were the means of the light absorbance-
weighted physical parameters,

P = 2ap) i),

where A is the absorbance at 280 nm due to the ith
particle Specles in the sample, and P; is the physical
parameter (i.e., -.. 520 > D20, w» etc.) of the ith spe-
cies.

Uric acid: Chemical analysis yielded a plasma uric
acid concentration of 4.4 mgf100 ml [75]. This is
equivalent to an A,sg‘m of 2.9 using a molar absorp-
tivity value of 11 X 103 liters mole™ em™ for uric
acid in aqueous solution at pH 7.0 (Dr. Carl A. Burtis,
personal communication). This value was confinned
by centrifuging dilute ACD-plasma in the analytical
ultracentrifuge for a time sufficient to completely
sediment a 2 svedberg boundary, then scanning the
cell at 280 nm.
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Fig. 1. KBr step gradient in B-XV rotor, Initial conditions (—),
5%, radial gap step width, Calculated conditions (——-—+) and
observed conditions (0 o o) after 32,25 hours at 25° and

10000 rpm.

3.1.2. Results

The physical and simulated redistribution of 2 KBr
step gradient at 10000 rpm are compared in fig. 1. Con-
sidering the non-ideality of the B-XV rotor cavity (non-
radial septum surfaces and rounded corners at the outer
wall), the experimental firdings adequately confirm the
calculated values. The same protocol with a narrower
CsCl step gradient was used to determine if a relatively
concentrated BSA sample zone would retard the dif-
fusion of CsCi through the zone (fig. 2). No retardation
was seen, thus confinming our earlier assumption that
the macromolecules were sufficiently dilute to not af-
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Fig. 2, CsCl step gradient in B-XV rotor with and without
sample zone of bovine serum albumin. CsCl density pradient
simulated ¢ ), recovered from rotor without (¢ ¢ 0 € 0)
and with (X X X X X) BSA. BSA sample (including dimer)
zone profile simulated ¢ ) and experimental (s e e o @),
Initial gradient: with BSA, 1344 ml {0.01 M tris-HCl
(pH 71.5)1; 33ml {sample containing 44 mg bovine serum
albumin/ml, 0.01 M tris-HCL (pH 7.5), and 3 ml 0.01 M Tris-
HCl (pH 7.8}, CsCl to a density of 1.497 gfem®}: 290 ml
{0.01 M tris-HCl (pH 7.5), CsCl to a density of 1.497 glem31.
Without BSA, 1373 mi {0.01 M tris-HCI (pH 7.5)}; 293 mi
[0.01 M txis-HCI (pH 7.5), CsCl to a density of 1.497 gfcm i.
Simulated as: 2.4—7.97 cm rotor radius, 0.997 g{cm3
gradient denmy. 7.97-8.01 cm, linear mtergol:mon 0.997
to 1.043 g/em>: 8.01—8.06 cm, 1.043 g/cm 8.06—8.10 cm,
linear interpolation 1.043 to 1.497 gfem3, 3.10—8 89 cm,
1.497 gfcm? (sample zove 7.99-8.08 cm).
Rotor velocity: acceleration, 0.32 hrx, 1500 to 23319 rpm; -
9.11 fir at 25319 rpm; deceleration, 0.34 hr, 25319 to 1500 rpm.
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Fig. 3. Lipoprotein fraction centrifuged on a CsCl density step. Simulated (
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), experimental (o @ @),

Initial gradieni: 1405 ml [0.05 M uris-HCL (pH 7.6), 0.005 1 EDTA]; 11 ml [lipoprotein fraction}; 250 ml [0.05 M tris-HC1

(pH 7.6), 0,005 M EDTA, CsCl to a density of 1.495 g/cm 1-

Simulated as: 2.4-8.12 £m rotor radius, 0.997 g/cm® gradient density; 8.12—-8.23 cm, linear interpolation 0.997 to 1.495 glem?;

8.23—8.89 cm, 1.495 gfem®, Sample zone: 8.13—8.18 cm radius.

Rotor velacity: (A) acceleration, 0.33 hr, 1500 to 27969 1pin; 2.84 hr at 27969 rpm; deceleration 0.33 hr, 27969 to 1500 rpm.
(B) acceleration, 0.33 hr, 1500 to 25745 rpm; 14.03 hr at 25745 rpm; deceleration, 0.20 hr, 25745 to 1500 rpm.
Particle zone identification: V, VEDL; L, LDL; H2, HDLa; H3, HDLj3; U, uric acid; A, albumin.

fect the behavior of the gradient-forming solute. The
less rigorous match between the experimental CsCl
redistributions and the simulated gradient than that
found with KBr is due to the placement of the nar-
rower initial salt gradient. The cuter 10% of the rotor
cavity’s radius contains the rounded corners, which
produce a smaller volume than that calculated from
the simple cylindrical geometry used for simulation.
This degree of inaccuracy in gradient simulation
does not appreciably affect the ability to predict macro-
molecule zone movement in the experimen:al gradient.
Simulated and experimental separations of lipoproteins
were compared using both the lipoprotein fraction and
whole plasma samples. Lipoprotein fraction samples
were centrifuged for 4.0 and 14.5 hr at 28 000 rpm
on a CsCl step gradient (fig. 3a,b). Only the LDL and
the combined HDL,—HDLy zones could be clearly
identified in the experimental gradient profile, and
the center of each agreed closely with its predicted
radial position. We did not expect to find peaks in the
experimental trace corresponding to the three simu-

lated VLDL peaks, since those three zones represented
the two extremes and the midpoint of a very broad
boundary in the analytical vitracentrifuge. A similar
fractionation of plasma in the zonal rotor (fig. 4)
showed the simulated and experimental LD and HDL
zone positions in agreement at 16.6 hr. The observed
HDL zone was not as well resolved from the denser
plasma protcins as predicted. Contributions to this ap-
parent lack of agreement in fig. 4 include: (1) The
small UV-absorbing plasma constituents (typified by
uric acid in the simulated trace), which would tend to
obscure separations. (2) We have not accounted for all
particle species present in plasma, but have attempted
to represent them within the limits of the simulation
program. (3) There is actually more of the fibrinogen
+ 7-globulin peak present than shown in the Calcomp
plots (e.g., to enable the computer to efficiently pro-
duce useable plots a small departure from reality is
necessary. As the dense plasma proteins sediment on-
to the wall, or conversely, as the VLDL impact onto
the rotor core, their concentration at the wall increases
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Fig. 4. ACD-plasma centrifuged on a CsCl density step. Simu-
lated ( ) experimental (e & @),

Initial gradient: 1383 ml [0.05 M tris-HCl (pH 7.6},
0.005 M EDTA}; 33 ml {sample containing 30 ml ACD plasm
and 3 ml 0.05 M tris-HCE (pH 7.6), 0.005 M EDTA.CsClto a
density of 1.5 gfem31; 250 ml {0.05 M tris-HC1 (pH 7.6),
0.005 M EDTA, CsCl to a density of 1.5 g/cm?].

Simulated as: 2.4—8.14 cm, 0.997 g/cm?; 8.14-8.22 ¢m,
linear interpolation 0.997 to 1.500 g/cm?; 8.22 tc 8.89 cm,
1.500 g/fcm®. Sample zone: 8.02—8.18 cm radius.

Rotor velocity: acceleration, 0.42 hr, 1500 rpm to
28094 rpm; 15.83 hr at 28094 rpm; deceleration, 0.33 hr,
28094 to 1500 rpm.

Particle zone identification as in fig. 3.

»

exponentiaily. To plot this concentration, the pro-
gram would select a concentration range in which the
zones of greater interest, i.e., HDL, uric acid, would
be virtually invisible. This inconvenience is eliminated
by allowing the particle zone to mathematically sedi-
ment through the wall until the zone center reaches
the wall radius, at which time the plotting of that par-
ticular zone is suppressed. The zone concentration
profile data is still tabulated in the printed output and
can be added manually if desired. In the present case,
the fibrinogen + v-globulins zone center reached the
rotor wall at 13 hr, and at the time plotted (16.6 hx,
fig. 4) was calculated to contribute an absorbance of
054 58%“‘““ at a radius of 8.80 cm). A further com-
plication of a particle species actually compacting on-

to the rotor wall or core is that the back diffusion of
that species will be enhanced by the increased particle
concentration near the solid surface.

The observed LDL peaks were generally broader
than predicted. This was not due to zone expansion
caused by fluid mixing during the sample loading pro-
cess, or transient density instabilities [66,69,70], as
shown by inserting a BSA sample and CsCl gradient
in the rotor; then immaediately unloading it through
a spectrophotometer flow cell (cf, Methods). The re-
covered protein peak appeared gaussian in shape with
a width at half height almost twice that of the original
sample. However, whether the inserted sample volume
of 33 mi, or the immediately recoverad sample volume
of 60 mi was used to simulate initial conditions, the
calculated lipoprotein peak widths resulting from one
hour of centrifugation are identical within the limits of
measurement. The major reason for the wider observed
LDL zones in tigs. 3 and 4 is probably the hydredyna-
mic heterogeneity of the lipoprotein particle popula-
tions.

These results (figs. 3 and 4) demonstrate that the
radial location of particle zones sedimenting in a rapidly
changing density gradient can be acecurately predicted.
The zone concentration profiles predicted from par-
ticle diffusion and from the effect on the zone of the
solute density and viscosity gradients [76,77] agree
reasonably well with experiment in figs. 3 and 4 con-
sidering the heterogeneity of the lipoproteins. This
agreement is decreased near a rotor wall on which part
of the particle zone has compacted.

3.2, Reorientation of CsCI gradients in the K-lII rotor
Two characteristics of K-series centrifuge opuration

complicate the analysis of particle transport in these
rotors. Loading and unloading of density gradients is

generally performed with the rotor at rest [1]. This results
in a graviiational reorientation of the gradient as the rotor

is accelerated and decelerated, with isodense regions of
the gradient passing through parabolae of revolution
{78—80]. While the gradient reorientation into the cylin-
drical *‘spin” configuration is generally considered com-
plete above 2000 rpm (because the greatest tendency
for gradient mixing due to Coriolis force occurs below
this velacity), in reality the gradient approaches asymp-
totically the cylindrical geometry assumed for simulation.
This effect is appreciable only because of the length of
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the K-rotors. Second, the narrow radial gap (1.2 cm) of
the K-II and K-II rotors coupled with the large surface

area between concentric volume elements of the gradient

in “spin™ configuration result in a rapid redistribution
of gradient forming solute by diffusion. This has led to
the general use of initial step gradients that rapidly dif-
fuse during the separation. In the case of continuous-
sample-flow operation this rapidly diffusing gradient
solute may be lost from the rotor cavity into the exit-
ing sample stream.

3.2.1. Methods

Cesium chloride was determined as fer the lipopro-
tains. The titznium K-III rotor was used in a tempera-
ture controlled centrifuge as previously described {81,

82]. The initial density gradient was a CsCl step occupy-

ing the outer half of the radial gap. The rotor was filled
at rest with deionized water at 25°C, then 1728 mi
CsCl sofution (1.3 g/fcm3) was pumped in through the
lower fiuid line (the volume of CsCl added was deter-
mined by weighing the water displaced from the rotor).
The rotor was accelerated at 2 rpm/s to 500 rpm, and
at 4 rpmy/s to 2000 rpm, tl.en at full drive air pressure
to 35000 rpm. This operation required 25 minutes,
After 1 hour at 3500 rpm, the rotor was decelerated
under full braking air pressure to 2500 rpm, allowed

to coast to 2000 rpm, then decelerated at 4 rpm/s to
500 mpm and at 2 rpm/fs to rest. This operation also
required 25 minutes, The gradient was immediately
unloaded through the bottom line at 100 ml/min by

air pressure.

3.2.2. Results

The close correspondence between the observed
and simulated CsCl distributions (fig. 5) suggest that
rapidly diffusing gradients of CsCl can be predicted
w th confidence even with reorientation in the K-IlI
rotor when the acceleration—deceleration phases re-
quire 45% of the total time. We have not attempted
to deal with the transient paiabolic gradient configura-
tions below 2000 rpm. A more complete study of dif-
fusing gradients in the K-III rotor has earlier verified
our ability to simulate the diffusion of gradient-fonn-
ing solute into the continuous-flow stream at the rotor
core and subsequent remov=l from the rotor [82].

CONCENTARY 10N

]

FROIUS
Fig. 5. CsCl gradient in K-l rotor. Experimental (e @ @) and
calculated ( ) density gradient. Initial experimental con-
ditions in text.

Simulated as: 5.4 to 5.997 cm rotor radius, 0.997 gfcm?
gradient density; 5.997 to 6.003 cm, linear interpclation
0.997 to 1.3 gfem?; 6.003 to 6.6 cm, 1.3 gfcm3.

Rotor velocity: 0.033 hir, linear interpolation 0 to 2060 rpm;

0.35 hr, linear interpolation 2060 to 35000 rpm; 1.0 hr,
35000 rpm; 0.384 hir, linear interpolation 35000 to 2000 rpm;
0.033 hr, linear interpolation 2000 to 0 rpm.

3.3. Concentration profiles of macromolecular zones

In the separation of macromolecular species by
zonal centrifugation, the concentration profile (and
especially the width) of the sedimenting bands, as
well as the mean radius of the bands, must be known
to determine the degree of separation. The stability
of a band, which may determine the capacity, i.e.,
the maximum mass of macromolecules that can be
loaded onto the gradient, also depends on the concen-
tration profile during centrifugation [24,66—70,76—
771.

While the present method includes the ability to
simulate changes in macromolecule zone shape due to
sedimentation through a supporting gradient of vary-
ing viscosity and density, and simultaneocusly to calcu-
late band resolution and stability at each time step;
here we specifically treat zone profiles resulting from
macromolecular diffusion in a stable density gradient.
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During the dev<lopment of the technique of zonal
diffusion, the diffi'sion coefficients of cytochrome-c,
bovine serum albumin, and 113 viral DNA were de-
termined from very careful measurements of the zone
profiles resulting solely from diffusion (insofar as pos-
sible through experimental design) [83-85]. Selected
cases from these studies have been simulated and com-
pared in figs. 6—8. The {its obtained indicate that over
a tenfold range of diffusion coefficient the simulated
results reflect reality. The most difficult problem in
comparing experimental and simulated results of this
nature is determining the actual concentration (light
absorption) of macromolecules inserted into the rotor,
analogous to the problems experienced during analy-
tical ultracentrifugation studies.

3.4, Particle sedimentation in band-forming
centerpieces

The development of band-forming centerpieces for
the analytical ultracentrifuge opened a valuable field
of particle analysis [17]. The necessity that the sedi-
menting macromolecule band be supported on a shal-
low diffusion gradient has been met by appropriate
choice of rotor speed. A more rigorous investigation
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of band shape and position due to interaction with

these dynamic gradients is within the scope of the
present method. The band centrifugation studies with
M13 viral DNA [85] have been simulated and com-
pared with excellent correspondence.
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